
EXETASTIKH PERIODOS SEPTEMBRIOU 2013 1TMHMA EPISTHMHS TWN ULIKWNPANEPISTHMIO PATRWNM�jhma: Jewr�a Pijanot twn kai Stoqastikè Diadikas�eDid�skwn: K. PetrìpouloHm. Exètash: 1 Oktwbr�ou 20131. SÔmfwna me ti diajèsei th kubèrnhsh, 118 up�llhloi tou P.P. t�jentai se diajesimìthta. An giaautoÔ tou upall lou up�rqoun trei isop�jane peript¸sei, e�te na uphret soun �lle akadhmaðkèmon�de, e�te na metatejoÔn se �lle uphres�e tou kr�tou, e�te na apolujoÔn, tìte(aþ) upolog�ste thn pijanìthta 52 up�llhloi na uphret soun se �llh akadhmaðk  mon�da, 40 up�llhloina metatejoÔn se �llh uphres�a tou kr�tou kai oi upìloipoi na apolujoÔn.(bþ) Poia e�nai h pijanìthta to polÔ 10 na apolujoÔn? (15)2. Mèsa se èna doqe�o up�rqoun 4 maÔra kai 6 �spra sfair�dia. R�qnw 3 nom�smata tautìqrona, kai bg�zoumetìsa sfair�dia apì to doqe�o, ìsa kai to pl jo twn kor¸nwn apì thn r�yh twn 3 nomism�twn.(aþ) Poia e�nai h pijanìthta na bg�lw èna maÔro sfair�dio apì to doqe�o ìtan h deigmatolhy�a g�netai
(i) me epan�jesh, (ii) qwr� epan�jesh.(bþ) An gnwr�zw ìti èqw bg�lei èna maÔro sfair�dio apì to doqe�o, poia e�nai h pijanìthta kat� thn r�yhtwn tri¸n nomism�twn na èqw 2 kor¸ne, ìtan h deigmatolhy�a g�netai qwr� epan�jesh? (20)3. O qrìno pou qrei�zeste gia na apant sete se k�je èna apì ta jèmata pou sa èqoun doje� e�nai m�aekjetik  t.m. me mèso qrìno ap�nthsh ta 20 lept�.(aþ) Upolog�ste thn pijanìthta na apant sete se èna jèma, se ligìtero apì 15 lept�.(bþ) Sth sugkekrimènh exètash èqete 5 diaforetik� jèmata, poia e�nai h pijanìthta na apant sete seligìtero apì 15 lept�, se toul�qiston 2 apì aut�.(gþ) Poia e�nai h pijanìthta na apant sete sto 2o jèma se perissìtero apì 15 lept�, en¸ sto 1o jèmaèqete d¸sei thn ap�nthsh se ligìtero apì 15 lept�.(dþ) Poio e�nai o anamenìmeno qrìno ap�nthsh ìlwn twn jem�twn? (20)4. To tuqa�o di�nusma (X, Y ) e�nai omoiìmorfo ston q¸ro pou perikle�etai apì ti euje�e X − Y = 2,

X = 0, Y = 0.(aþ) Na breje� h puknìthta pijanìthta tou t.d. (X, Y ).(bþ) Na upologistoÔn oi perij¸rie p.p. twn t.m. X kai Y .(gþ) Upolog�ste th sundiaspor� twn t.m. X kai Y .(dþ) Upolog�ste thn P (X > 1|Y < −1/2). (25)5. Upojètoume ìti h pijanìthta gia ènan nèo epist mona na metanasteÔsei sto exwterikì e�nai 1/3.(aþ) Rwt�me 1800 nèou epist mone an prìkeitai na metanasteÔsoun, upolog�ste thn pijanìthta, mèswK.O.J., ìpw to polÔ 640 apì autoÔ na fÔgoun gia to exwterikì.(bþ) Rwt�me nèou epist mone an prìkeitai na fÔgoun gia to exwterikì. Poio ja e�nai to anamenìmenopl jo twn erwthjèntwn, ètsi ¸ste h diadikas�a aut  na stamat sei ìtan ft�soume sto 500 ostì�tomo pou dhl¸nei ìti prìkeitai na fÔgei gia to exwterikì. Qrhsimopoi ste thn 1h tautìthta tou
Wald. (20)
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EXETASTIKH PERIODOS SEPTEMBRIOU 2013 1TMHMA EPISTHMHS TWN ULIKWNPANEPISTHMIO PATRWNM�jhma: Jewr�a Pijanot twn kai Stoqastikè Diadikas�eDid�skwn: K. PetrìpouloHm. Exètash: 1 Oktwbr�ou 20131. (aþ) 'Eqoume èna prìblhma epanalhptik  deigmatolhy�a, ìpou ta sfair�dia (oi up�llhloi tou PP)e�nai diakekrimèna kai ta topojetoÔme se 3 k�lpe (oi trei peript¸sei) me periorismì. Epomènw,an or�soume to gegonì A = {52 up�llhloi uphretoÔn se �llh akadhmaðk  mon�da, 40 up�llhloimetat�jontai se �llh uphres�a tou kr�tou kai 26 apolÔontai}, tìte
P (A) =

118!

52!40!26!

3118
.(bþ) An jewr soume thn t.m. X h opo�a metr�ei to pl jo twn upall lwn pou apolÔontai, zht�me thn

P (X 6 10), ìpou X ∼ B(n, p), n = 118 kai p = 1/3.Epomènw, P (X 6 10) =

10
∑

x=0

(

118

x

)

px(1− p)n−x.2. Or�zoume ta gegonìta,
A = {bg�zw èna maÔro sfair�dio apì to doqe�o}
B0 = {0 K apì thn r�yh twn tri¸n nomism�twn}
B1 = {1 K apì thn r�yh twn tri¸n nomism�twn}
B2 = {2 K apì thn r�yh twn tri¸n nomism�twn}
B3 = {3 K apì thn r�yh twn tri¸n nomism�twn}.(aþ) Arqik� qrhsimopoioÔme to Je¸rhma Olik  Pijanìthta gia na upolog�soume thn P (A),

P (A) = P (A|B0)P (B0) + P (A|B1)P (B1) + P (A|B2)P (B2) + P (A|B3)P (B3)

(i) Sthn per�ptwsh pou h deigmatolhy�a g�netai me epan�jesh èqoume,
P (A) = 0×

1

4
+

4

10
×

1

4
+

(

4+1−1

1

)(

6+1−1

1

)

(

10+2−1

2

) ×
1

4
+

(

4+1−1

1

)(

6+2−1

2

)

(

10+3−1

3

) ×
1

4
= 0.305.

(ii) Sthn per�ptwsh pou h deigmatolhy�a g�netai qwr� epan�jesh èqoume,
P (A) = 0×

1

4
+

4

10
×

1

4
+

(

4

1

)(

6

1

)

(

10

2

) ×
1

4
+

(

4

1

)(

6

2

)

(

10

3

) ×
1

4
= 0.358.(bþ) Ed¸, qrhsimopoioÔme to Je¸rhma Bayes, dhl.

P (B2|A) =
P (A|B2)P (B2)

P (A)
=

(

4

1

)(

6

1

)

(

10

2

) ×
1

4

0.358
= 0.353. An X e�nai h t.m. pou metr�ei ton qrìno ap�nthsh k�je enì apì ta jèmata, tìte X ∼ E(λ),

20 = EX =
1

λ
⇒ λ =

1

20
.(aþ) P (X > 15) =

∫

0

15
1

20
e−x/20dx = 1− e−15/20 = p.



EXETASTIKH PERIODOS SEPTEMBRIOU 2013 2(bþ) An jewr soume w Y na metr�ei to pl jo twn jem�twn me ap�nthsh se ligìtero apì 15 lept�,tìte
Y ∼ B(5, p) , p = P (X > 15)Epomènw, P (Y > 2) =

5
∑

y=2

(

5

y

)

py(1− p)5−y.(gþ) JewroÔme ta gegonìta,
A = {apant¸ sto 1o jèma se ligìtero apì 15 lept�} kai B = {apant¸ sto 2o jèma se perissìteroapì 15 lept�}. Profan¸ ta A kai B e�nai anex�rthta gegonìta, k�ti pou shma�nei ìti

P (B|A) = P (B) = P (X > 15) = 1− p = e−15/20.(dþ) An Xi e�nai h t.m. pou metr�ei ton qrìno ap�nthsh tou i jèmato, tìte y�qnw thn
E(

5
∑

i=1

Xi) =

5
∑

i=1

EXi =

5
∑

i=1

20 = 100 lept�.4. To ped�o tim¸n tou t.d. (X, Y ) fa�netai grafik� sto parak�tw sq ma.
0.5 1.0 1.5 2.0

-2.0

-1.5

-1.0

-0.5

me embadìn E =
1

2
× (b�sh) × (Ôyo) = 1

2
× 2× 2 = 2.(aþ) Opìte fX,Y (x, y) =

{ 1

2
, 0 6 x 6 y + 2 6 2.

0 , diaforetik�.(bþ) fX(x) =

∫

f(x, y)dy =

∫ 0

x−2

1

2
dy =

2− x

2
, 0 6 x 6 2.

fY (y) =

∫

f(x, y)dx =

∫ y+2

0

1

2
dx =

y + 2

2
, −2 6 y 6 0.(gþ) Jèloume na upolog�soume thn Cov(X, Y ) = E(XY )− (EX)(EY ).

E(XY ) =

∫ 0

−2

∫ y+2

0

xy
1

2
dxdy = −

1

3
.

EX =

∫

xfX(x)dx =

∫ 2

0

x
2− x

2
dx =

2

3
.

EY =

∫

yfY (y)dy =

∫ 0

−2

y
y + 2

2
dy = −

2

3
.Telik� Cov(X, Y ) = −

1

3
−

2

3

(

−
2

3

)

=
1

9
.



EXETASTIKH PERIODOS SEPTEMBRIOU 2013 3(dþ) P (X > 1|Y < −1/2) =
P (X > 1, Y < −1/2)

P (Y < −1/2)
, ìpou

P (X > 1|Y < −1/2) =

∫

−1/2

−1

∫ y+2

1

1

2
dxdy =

1

16

P (Y < −1/2) =

∫

−1/2

−2

y + 2

2
dy =

9

16
.Telik�, P (X > 1|Y < −1/2) =

1/16

9/16
=

1

9
.5. (aþ) 'Estw Xi h t.m. pou metr�ei an o i nèo epist mona metanasteÔei sto exwterikì,tìte Xi ∼ B(1, p), i = 1, 2, . . . , 1800, p = 1/3, EXi = p = 1/3, V arXi = p(1− p) = 2/9.Jètoume S =

1800
∑

i=1

Xi, �ra ES = 1800×
1

3
= 600 kai V arS = 1800×

2

9
= 400 = 202.Jèloume na upolog�soume thn P (S 6 640) kai prìkeitai na qrhsimopoi soume to Kentrikì OriakìJe¸rhma (K.O.J.)

P (S 6 640) = P

(

S − ES
√
V arS

6
640− 600
√
400

)

= P (Z 6 2),ìpou Z =
S − ES
√
V arS

∼ N (0, 1), sÔmfwna me to K.O.J.Epomènw,
P (S 6 640) = P (Z 6 2) = Φ(2) = 0.9772.(bþ) H 1h tautìthta tou Wald e�nai, E( N

∑

i=1

Xi) = (EX)(EN),
N = min{n : X1 +X2 + ... +Xn = 500}. Apì thn tautìthta tou Wald prokÔptei ìti EN = 1500,afoÔ E(

N
∑

i=1

Xi) = 500 kai EX =
1

3
.



EXETASTIKH PERIODOS QEIMERINOU EXAMHNOU 2014 1TMHMA EPISTHMHS TWN ULIKWNPANEPISTHMIO PATRWNM�jhma: Jewr�a Pijanot twn kai Stoqastikè Diadikas�eDid�skwn: K. PetrìpouloHm. Exètash: 26 Febrouar�ou 20141. Gia 80 metoqè pou e�nai eishgmène sto QA, parathroÔme thn t�sh pou èqei h tim  tou, se sqèsh methn qjesin  tim  kleis�mato.(aþ) Upolog�ste thn pijanìthta, ìpw met� thn shmerin  tim  kleis�mato, oi 30 apì autè na èqounparousi�sei �nodo, oi 40 apì autè na èqoun parousi�sei pt¸sh kai oi upìloipe 10 na èqoun me�neista qjesin� ep�peda.(bþ) An isqÔei o katamerismì tou erwt mato (a) kai epilèxoume 20 apì autè ti 80 metoqè, upolog�stethn pijanìthta oi 5 (apì ti 20) na e�nai apì autè pou e�qan thn anodik  t�sh. (15)2. Met� to deÔtero meg�lo seismì sto LhxoÔri th Kefalloni�, to 30% twn spiti¸n kr�jhkan mh katoi-k�shma, opìte to 40% twn kato�kwn, ìpou to sp�ti tou kr�jhke w mh katoik�shmo, èfugan apì to nhs�,ìpw èfugan kai to 25% twn kato�kwn, ìpou to sp�ti tou kr�jhke w katoik�shmo.(aþ) Upolog�ste to posostì twn kato�kwn tou Lhxour�ou pou èfuge apì to nhs�.(bþ) Gia ton k�toiko tou Lhxour�ou, o opo�o den èfuge apì to nhs�, upolog�ste thn pijanìthta, to sp�titou na èqei krije� w katoik�shmo. (15)3. H ant�stash enì org�nou, e�nai mia kanonik  t.m. me mèsh tim  10000 Ohms kai tupik  apìklish 2000
Ohms.(aþ) Poia e�nai h pijanìthta m�a tuqa�a hmèra, h ant�stash enì org�nou na kumanje� metaxÔ 8000 kai10000 Ohms?(bþ) Gia ti epìmene 10 hmère, poia e�nai h pijanìthta gia toul�qiston 3 apì autè, h ant�stash touorg�nou na kuma�netai metaxÔ 8000 kai 10000 Ohms?(gþ) Gia ti epìmene hmère, elègqoume thn ant�stash tou org�nou, mèqri ìtou aut  metrhje� na mhne�nai metaxÔ 8000 kai 10000 Ohms. Upolog�ste thn pijanìthta, ìpw thn 6h hmèra, h ant�stashtou org�nou na mhn e�nai metaxÔ 8000 kai 10000 Ohms. (20)4. D�netai h apì koinoÔ puknìthta pijanìthta twn t.m. X kai Y ,

fX,Y (x, y) =

{

cx− y , 0 < y < x < 1.
0 , diaforetik�.(aþ) Na prosdioriste� h stajer� c.(bþ) Na upologistoÔn oi perij¸rie p.p. twn t.m. X kai Y .(gþ) Upolog�ste th sundiaspor� twn t.m. X kai Y .(dþ) Upolog�ste thn E(Y 2|X). (25)5. Mia mhqan  apotele�tai apì 100 mon�de oi opo�e leitourgoÔn anex�rthta h m�a apì thn �llh, upojètoumeìti o qrìno zw  k�je mon�da e�nai ekjetik  t.m. me mèsh di�rkeia zw  ti 400 ¸re. Upolog�ste,mèsw KOJ, thn pijanìthta ìpw o sunolikì qrìno zw  kai twn 100 mon�dwn den xepern�ei ti 38000¸re. (15)6. R�qnoume tautìqrona dÔo panomoiìtupa nom�smata. Upolog�ste, mèsw th 1h tautìthta tou Wald,to pl jo twn anamenìmenwn r�yewn aut¸n twn nomism�twn, ètsi ¸ste na èqoume se 20 forè thn �diapleur� kai sta dÔo nom�smata. (10)
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EXETASTIKH PERIODOS QEIMERINOU EXAMHNOU 2013-2014 1TMHMA EPISTHMHS TWN ULIKWNPANEPISTHMIO PATRWNM�jhma: Jewr�a Pijanot twn kai Stoqastikè Diadikas�eDid�skwn: K. PetrìpouloHm. Exètash: 26 Febrouar�ou 20141. (aþ) 'Eqoume èna prìblhma epanalhptik  deigmatolhy�a, ìpou ta sfair�dia (oi metoqè) e�nai diakekri-mèna kai ta topojetoÔme se 3 k�lpe (diaforetikè t�sei) me periorismì. Epomènw, an or�soumeto gegonì A = {oi 30 apì ti metoqè èqoun parousi�sei �nodo, oi 40 apì autè èqoun parousi�seipt¸sh kai oi upìloipe 10 èqoun me�nei sta qjesin� ep�peda.}, tìte
P (A) =

80!

30!40!10!

380
.(bþ) Se autì to er¸thma èqoume èna prìblhma deigmatolhy�a qwr� epanatopojèthsh kai qwr� di�taxhkai ma endiafèrei na broÔme thn pijanìthta oi 5 (apì ti 20 metoqè) na èqoun anodik  t�sh.Or�zoume to gegonì B = { oi 5 (apì ti 20 metoqè) na èqoun anodik  t�sh}, tìte

P (B) =

(

30

5

)(

50

15

)

(

80

20

) .2. Or�zoume ta gegonìta,
A = {to sp�ti kr�jhke w mh katoik simo}
B = {o k�toiko feÔgei apì to nhs�}(aþ) Arqik� qrhsimopoioÔme to Je¸rhma Olik  Pijanìthta gia na upolog�soume thn P (B),

P (B) = P (B|A)P (A) + P (B|Ac)P (Ac) = 0.4× 0.3 + 0.25× 0.7 = 0.295.(bþ) Ed¸, qrhsimopoioÔme to Je¸rhma Bayes, dhl.
P (Ac|Bc) =

P (Bc|Ac)P (Ac)

P (Bc)
=

0.75× 0.7

0.705
= 0.745.Prosoq ! P (Bc) = 1−P (B) = 1−0.295 = 0.705 kai P (Bc|Ac) = 1−P (B|Ac) = 1−0.25 = 0.753. AnX e�nai h t.m. pou metr�ei thn ant�stash tou org�nou, tìte, sÔmfwna me thn �skhshX ∼ N (10000, (2000)2).(aþ) Epeid  jèloume na upolog�soume thn pijanìthta, m�a tuqa�a hmèra, h ant�stash enì org�nou nakumanje� metaxÔ 8000 kai 10000 Ohms, èqoume

P (8000 6 X 6 10000) = P

(

8000− 10000

2000
6

X − 10000

2000
6

10000− 10000

2000

)

= P (−1 6 Z 6 0),ìpou Z =
X − 10000

2000
∼ N (0, 1),epomènw,

P (8000 6 X 6 10000) = P (Z 6 0) − P (Z 6 −1) = Φ(0) − Φ(−1) = Φ(0) − (1 − Φ(1)) =
0.5− (1− 0.8413) = 0.3413 = p(bþ) An jewr soume w Y thn t.m. h opo�a metr�ei to pl jo twn hmer¸n, ìpou h ant�stash tou org�noukuma�netai metaxÔ 8000 kai 10000 Ohms tìte

Y ∼ B(10, p) , p = 0.3413Epomènw, P (Y > 3) =
10
∑

y=3

(

10

y

)

py(1− p)10−y.



EXETASTIKH PERIODOS QEIMERINOU EXAMHNOU 2013-2014 2(gþ) JewroÔme wW thn t.m. pou metr�ei to pl jo twn apotuqi¸n (h ant�stash tou org�nou kuma�netaimetaxÔ 8000 kai 10000 Ohms) mèqri thn pr¸th epituq�a (h ant�stash tou org�nou den kuma�netaimetaxÔ 8000 kai 10000 Ohms), tìte W ∼ Ge(p′), p′ = 1 − p = 0.8413. H zhtoÔmenh pijanìthtae�nai,
P (W = 5) = p′(1− p′)5.4. (aþ) ∫ 1

0

∫ x

0

(cx− y)dxdy = 1 ⇒ c =
7

2
.(bþ) fX(x) =

∫

f(x, y)dy =

∫ x

0

(
7

2
x− y)dy = 3x2, 0 < x < 1.

fY (y) =

∫

f(x, y)dx =

∫ 1

y

(
7

2
x− y)dx = −

3

4
y2 − y +

7

4
, 0 < y < 1.(gþ) Jèloume na upolog�soume thn Cov(X, Y ) = E(XY )− (EX)(EY ).

E(XY ) =

∫ 1

0

∫ x

0

xy(
7

2
x− y)dydx =

17

60
.

EX =

∫

xfX(x)dx =

∫ 1

0

x 3x2dx =
3

4
.

EY =

∫

yfY (y)dy =

∫ 1

0

y (−
3

4
y2 − y +

7

4
)dy =

17

48
.Telik� Cov(X, Y ) =

17

60
−

3

4

17

48
= 0.0177.(dþ) E(Y 2|X = x) =

∫

y2fY |X(y|x)dy, ìpou
fY |X(y|x) =

f(x, y)

fX(x)
=

7

2
x− y

3x2
, 0 < y < x < 1, opìte

E(Y 2|X = x) =

∫ x

0

y2
7

2
x− y

3x2
dy =

11

36
x2, 0 < y < x < 1.Telik�, E(Y 2|X) =

11

36
X2.5. 'Estw Xi h t.m. pou metr�ei ton qrìno zw  k�je mon�da, i = 1, 2, . . . , 100,tìte Xi ∼ E(λ), i = 1, 2, . . . , 100, λ =

1

400
, EXi = 400, V arXi = (400)2 = 160000.Jètoume S =

100
∑

i=1

Xi, �ra ES = 100× 400 = 40000 kai V arS = 100× 160000 = 16× 106 = (4000)2Jèloume na upolog�soume thn P (S 6 38000) kai prìkeitai na qrhsimopoi soume to Kentrikì OriakìJe¸rhma (K.O.J.)
P (S 6 38000) = P

(

S − ES
√
V arS

6
38000− 40000

4000

)

= P (Z 6 −0.5),ìpou Z =
S − ES
√
V arS

∼ N (0, 1), sÔmfwna me to K.O.J.Epomènw,
P (S 6 38000) = P (Z 6 −0.5) = Φ(−0.5) = 1− Φ(0.5) = 1− 0.6915 = 0.3085.



EXETASTIKH PERIODOS QEIMERINOU EXAMHNOU 2013-2014 36. H 1h tautìthta tou Wald e�nai, E( N
∑

i=1

Xi) = (EX)(EN),
N = min{n : X1 +X2 + ...+Xn = 20}, ìpou
Xi : metr�ei an èqw thn �dia pleur� kai sta dÔo nom�smata, Xi ∼ B(1, 2/3), E( N

∑

i=1

Xi) = 20, opìte apìthn tautìthta tou Wald prokÔptei ìti EN = 30 r�yei.Prosoq ! Ta nom�smata ta r�qnw tautìqrona, opìte o deigmatoq¸ro mou e�nai {KK, GG, KG }.


