


































EXETASTIKH PERIODOS EARINOU EXAMHNOU 2013 1TMHMA EPISTHMHS TWN ULIKWNPANEPISTHMIO PATRWNM�jhma: Jewr�a Pijanot twn kai Stoqastikè Diadikas�eDid�skwn: K. PetrìpouloHm. Exètash: 12 Ioun�ou 20131. (aþ) 'Eqoume èna prìblhma epanalhptik  deigmatolhy�a, ìpou ta sfair�dia (oi k�toikoi th pìlh) e�naidiakekrimèna kai ta topojetoÔme se 3 k�lpe (oi efhmer�de) me periorismì. Epomènw, an or�soumeto gegonì A = {70 k�toikoi diab�zoun thn efhmer�da A, 30 k�toikoi diab�zoun thn efhmer�da Bkai 20 k�toikoi diab�zoun thn efhmer�da G}, tìte
P (A) =

120!

70!30!20!

3120
.(bþ) Se autì to er¸thma èqoume èna prìblhma deigmatolhy�a qwr� epanatopojèthsh kai qwr� di�taxhkai ma endiafèrei na broÔme thn pijanìthta to polÔ 10 na diab�zoun thn efhmer�da B. Or�zoume tagegonìta Bi = {i k�toikoi diab�zoun thn efhmer�da B}, tìte

P (Bi) =

(

30

i

)(

90

40−i

)

(

120

40

) , i = 0, 1, . . . , 30.Epomènw h zhtoÔmenh pijanìthta ja e�nai 10
∑

i=0

P (Bi).2. Or�zoume ta gegonìta,
A = {to �tomo èqei sel�da sto facebook}
B1 = {to �tomo e�nai mèqri 29 et¸n}
B2 = {to �tomo e�nai apì 30 mèqri 49 et¸n}
B3 = {to �tomo e�nai apì 50 et¸n kai p�nw}.(aþ) Arqik� qrhsimopoioÔme to Je¸rhma Olik  Pijanìthta gia na upolog�soume thn P (A),

P (A) = P (A|B1)P (B1)+P (A|B2)P (B2)+P (A|B3)P (B3) = 0.6×0.3+0.4×0.3+0.25×0.4 = 0.4.(bþ) Ed¸, qrhsimopoioÔme to Je¸rhma Bayes, dhl.
P (B3|Ac) =

P (Ac|B3)P (B3)

P (Ac)
=

0.75× 0.4

0.6
= 0.5.Prosoq ! P (Ac) = 1− P (A) = 1− 0.4 = 0.6 kai P (Ac|B3) = 1− P (A|B3) = 1− 0.25 = 0.753. An X e�nai h t.m. pou metr�ei to pl jo twn pelat¸n pou exuphretoÔntai apì èna tame�o enì supermar-

ket, tìte, sÔmfwna me thn �skhsh X ∼ P(λ).Epeid  jèloume na upolog�soume thn pijanìthta sto 15lepto, h par�metro λ = 5 pel�te/15lepto, dhl.
X ∼ P(5), �ra

f(x) =
5x

x!
e−5 , x = 0, 1, 2, . . .(aþ) P (X > 2) = 1− P (X < 2) = 1− (P (X = 0) + P (X = 1)) = 1− (e−5 + 5e−5) = p.(bþ) An jewr soume w Y na metr�ei to pl jo twn 15leptwn ìpou exuphretoÔntai toul�qiston 2pel�te/15lepto, tìte

Y ∼ B(8, p) , p = P (X > 2)Epomènw, P (Y = 2) =
(

8

2

)

p2(1− p)8−2.



EXETASTIKH PERIODOS EARINOU EXAMHNOU 2013 2(gþ) JewroÔme w W thn t.m. pou metr�ei to pl jo twn apotuqi¸n (den exuphretoÔntai toul�qiston 2pel�te/15lepto) mèqri thn pr¸th epituq�a (exuphretoÔntai toul�qiston 2 pel�te/15lepto), tìte
W ∼ Ge(p), p = P (X > 2). H zhtoÔmenh pijanìthta e�nai,

P (W = 5) = p(1− p)5.4. (aþ) ∫ ∞

1

∫ ∞

y

c

x3y3
dxdy = 1 ⇒ c = 8.(bþ) fX(x) =

∫

f(x, y)dy =

∫ x

1

8

x3y3
dy = 4x−3(1− x−2), x > 1.

fY (y) =

∫

f(x, y)dx =

∫ ∞

y

8

x3y3
dx = 4y−5, y > 1.(gþ) Jèloume na upolog�soume thn Cov(X, Y ) = E(XY )− (EX)(EY ).

E(XY ) =

∫ ∞

1

∫ ∞

y

xy
8

x3y3
dxdy = 4.

EX =

∫

xfX(x)dx =

∫ ∞

1

x 4x−3(1− x−2)dx =
8

3
.

EY =

∫

yfY (y)dy =

∫ ∞

1

y 4y−5dy =
4

3
.Telik� Cov(X, Y ) = 4− 8

3

4

3
=

4

9
.(dþ) E(X|Y = y) =

∫

xfX|Y (x|y)dx, ìpou
fX|Y (x|y) =

f(x, y)

fY (y)
=

8x−3y−3

4y−5
=

2y2

x3
, 1 < y < x, opìte

E(X|Y = y) =

∫ ∞

y

x
2y2

x3
dx = 2y.Telik�, E(X|Y = 2) = 2× 2 = 4.5. 'Estw Xi h t.m. pou metr�ei ton qrìno emfial¸sew tou mpoukalioÔ i,tìte Xi ∼ E(λ), i = 1, 2, . . . , 100, λ = 1/4, EXi = 4, V arXi = 42 = 16.Jètoume S =

100
∑

i=1

Xi, �ra ES = 100× 4 = 400 kai V arS = 100× 16 = 1600 = 402Jèloume na upolog�soume thn P (360 < S < 420) kai prìkeitai na qrhsimopoi soume to Kentrikì OriakìJe¸rhma (K.O.J.)
P (360 < S < 420) = P

(

360− 400√
1600

<
S − ES√
V arS

<
420− 400√

1600

)

= P (−1 < Z < 0.5),ìpou Z =
S − ES√
V arS

∼ N (0, 1), sÔmfwna me to K.O.J.Epomènw,
P (360 < S < 420) = P (−1 < Z < 0.5) = P (Z < 0.5) − P (Z 6 −1) = P (Z 6 0.5) − P (Z 6 −1) =
Φ(0.5)− Φ(−1) = Φ(0.5)− (1− Φ(1)) = 0.6915− (1− 0.8413) = 0.5328.



EXETASTIKH PERIODOS EARINOU EXAMHNOU 2013 36. H 1h tautìthta tou Wald e�nai, E( N
∑

i=1

Xi) = (EX)(EN),
N = min{n : X1 +X2 + ...+Xn = 12}, ìpou
Xi : metr�ei an èqw thn �dia pleur� kai sta dÔo z�ria, Xi ∼ B(n, p), p =

6

21
= EXi, E( N

∑

i=1

Xi) = 12,opìte apì thn tautìthta tou Wald prokÔptei ìti EN = 42 hmère.


