
 



Η ΑΝΕΠ Η Η Ν Ω Ν Ω  

ΑΘΗ Α ΑΝIV 

 

Ε ε ά ει Ν επ ε β ί  2005 

(30-9-2005) 

 
Επώ : .................................... Ό α: ............................................... Α.Ν .Ν:.......... 
 

ΘΕ ΑΝ1 

Τα π α Chebyshev ( )
n

T x  α π   ω μ 
 

2 2(1 ) 0 ( 0,1,2, )x y xy n y n       

 

π  [ 1,1]x  . 
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2 2
1 1
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Α απ    2( ) 2 3f x x x   , [ 1,1]x  , α α π α π α Chebyshev: 
2 3

0 1 2 3( ) 1, ( ) , ( ) 2 1, ( ) 4 3T x T x x T x x T x x x                         (2.5 ) 
 

ΘΕ ΑΝ2 
Να π   α  ω  Laplace  

2 0u   

 

 α [0, ]x L ,  α  : (0, ) ( , ) ( ,0) 0u y u L y u x    α  ( , ) .u x L x     (2.5 ) 
 

ΘΕ ΑΝ3 

Να   α α  όourier )(kF  ω  α ω μ 
α)       2( ) cosf x x                       (1.25 ) 
β)                                                                                                                   (1.25 )Ν                
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Η ΑΝΕΠ Η Η Ν Ω Ν Ω  

ΑΘΗ Α ΑΝIV 

 

Ε Ν π β ί Ν2006 

(25-9-2006) 

 
Επώ : .................................... Ό α: ............................................... ΑέΝ έΝ:.......... 
 

ΘΕ ΑΝ1 

α   ω  Legendre  2(1 ) 2 0x y xy y       [ 1,1]x   α  [ ( 1), 0,1,2,3,...]n n n    έ Να 
α   ω  Legendre    Liouville.   α   α  α λ 

Να α απ    2x
e
  α  π α π α Legendre  : 

0 ( ) 1P x   α  
1( )P x x έ α   

 α π    2
,

2 1
n m nm

P P
n

  .                Φ1έ5 )                             

ΘΕ ΑΝ2 

Να    α  π α   α π α α   α  α α  
π  κ 0y y     [0, ]x L  α  α    (0) 0y   α  ( ) ( )y L y L .                     (2έ0 )            

Σ  α α α απ   α  α   π α    ( )f x x L    
[0, ]x L .                                                                                                                                                       Φ1έ5 ) 

 

ΘΕ ΑΝ3 

Θ ω  α β  α   π  α  π   ω   π  a α  bέ Η π α 

( , , )n x y t  α π   ω    

                 
                     

π  2 2 2 2 2/ /x y      .  α   π  α π   π α α α  π  α : 

(0, ) ( , ) 0n y n a y   α  ( ,0) ( , ) 0
y y

n x n x b  έ π   πα απ ω π α α   
ω α   α  (tνί)  π α α  απ   ( , ,0) ( / 2)cos( / )n x y x a y b   .  (3έ5 ) 

 

ΘΕ ΑΝ3 

Να   α α  Fourier  κ 
1

( ) cos exp[ 2( )]
2

h x x i x y dy



   

π α   α  .                   (1έ5 ) 
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Η Α ΕΠ Η Η  Ω  Ω  

ΑΘΗ Α Α IV 

 

Ε  π µβ ί υ 2007 

(13-9-2007) 

 
Επώ υµ : .................................... Ό µα: ............................................... Α. . :.......... 

 

ΘΕ Α 1 

A. ∆ α   α υ  π µα µ : 
1

0
4
y yλ′′ + =  µ  . . : (0) ( ) 0y y L′= = .  Να   

µ  υ π µα  α   α χ  υ α  π υ απ  α  .                     

B.  υ χ α α α απ υχ   υ α  αυ  υ π µα   υ  ( )f x c= , π υ c  

υχα α µ -µ  α  α [0, ]x L∈ .                                                                                                                 

∆ α  : 22cos 1 cos 2x x= + .                        
(3.5 ) 

ΘΕ Α 2 

Να φ α   µ φ  Liouville α ω  π µα α µ  α  α  α  χ υ  υ α π α µα  

µ .   υ α  υ  α  υ αµ ; 

a. 2(2 1) 2 (4 ) 0,    (1) 2 (0),   (1) (0) (0)x y y x y y y y y yλ′′ ′ ′ ′ ′− + + − = = = +  

b. 2 ( 1) ( sin ) 0,   (0) 2 (0) 1,   (1) 0x y x y x y y y yλ′′ ′ ′+ − + − = + = =  

                                                                                                                                       (1.5 ) 

         

 

 

 

Η α η  α η  ί α  3 ώ  

 

Α Η ΕΠ Χ Α 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Ε  

 

ΘΕ Α 1 

a. 
1

0 4 0
4
y y y yλ λ′′ ′′+ = ⇒ + = . Η ω  α   µ φ  Liouville µ  υ  υ   ( ) 4w x = . 

Η ∆ αφ  αυ  ω  α  2   µ  α  υ  α  α α χ    µ φ  

( ) xy x eρ≈ . Επ  χ υµ  αµ  µ  υ α  υ ,  απ   π  µα Sturm-Liouville 

π π   α α α   π µα χ  υ α π α µα  µ , α   0λ ≥ .  

χα α  π υ υµ  α α  2 4 0 2iρ λ ρ λ+ = ⇒ = ± . 

 ω 2kλ = ,    α χ   µ φ  2 2( ) i kx i kxy x ce de−= +  α  α απ α  α  α α υµ  

µ   α υ  µ φ  α    ω  ( ) sin(2 ) cos(2 )y x A kx B kx= +   

α  α  π  πα ω  ( ) 2 cos(2 ) 2 sin(2 )y x kA kx kB kx′ = − . 

π   π  υ α  υ  (0) 0y =  χ υµ  (0) sin 0 cos 0 0 0y A B B B= + = = ⇒ = .  

Ά α ( ) sin(2 )y x A kx= . 

π    υ α  υ  ( ) 0y L′ =  χ υµ  

1
cos(2 ) 0 2 ( ) , 0,1, 2,3,....

2
nkL k L n nπ= ⇒ = + = .   α α µ  α    0n =  α  

µ   π µα  χ  µ  α  α ( (0) ( ) 0y y L= = ). 
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2
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2
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LL L

π+= = =  

 

 

 

 

 

 

 

 



b. Η υ   ( )f x c=  α απ α    ω  υ α ω  µ  υ . 
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ΘΕ Α 2 

 

. 2(2 1) 2 (4 ) 0,    (1) 2 (0),   (1) (0) (0)x y y x y y y y y yλ′′ ′ ′ ′ ′− + + − = = = +  

Η µ φ  Liouville α  

( ) 0py p y w xu yλ′′ ′ ′+ + − =  

∆ µ υ   (2 1) 2x ′− =   ω  α    µ φ  Liouville µ   
2( ) 4, ( )w x u x x= =  

∆ µ υ    α  µ  α χω  

(1) 2 (0) (1) 0 2 (0)

(1) (0) (0) (1) 1 1 (0)

0 2 (1)
det( ) 2 1

1 1 (0)

y y y y

y y y y y

p
S

p

′=      ⇒ =     ′ ′ ′ ′= +      
= = − ≠ − =

 

Ά α  µπ µ  α π µ  µ  α α α  χ  π α µα  µ . 

 

. 2 ( 1) ( sin ) 0,   (0) 2 (0) 1,   (1) 0x y x y x y y y yλ′′ ′ ′+ − + − = + = =  

Έχ  υ α π α µα  µ  α  χ  αµ  . 

∆  α   µ φ  Liouville α  χ υµ  
2 ( 1) (sin )x y x y x y yλ′′ ′− − − + = ⇒  

2

2
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1 1 1
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1 1
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1
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a x
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x
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x e e
a x x
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x e e e e x e e
x x x

x x e
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µ

µ
µ µ

−
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∫∫= = −
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= − = − = −
≤ ⇒ = −
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x
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Η Α ΕΠ Η Η  Ω  Ω  

ΑΘΗ Α Α IV 

 

Επ  π υχ ω α   Φ β υα υ 2008 

(06-02-2008) 

 
 

 

ΘΕ Α 1 

A. ∆ α   α υ  π µα µ  
1

0
16
y yλ′′ + =  µ   . . . (0) ( ) 0y y L′ ′= = . Να  φ   

µ φ  Liouville α  α    υ α π α µα  µ .   υ α  υ  

α  υ αµ ; Να υπ   µ  υ π µα  α   υ α  π υ απ  

α  .  

B. Να α απ υ   υ α  αυ  υ π µα   υ  ( )f x Lx=  µ  [0, ]x L∈ . 

∆ α  22cos 1 cos 2x x= + .                        

 

 

Η α η  α η  α  3 ώ  

 

Α Η ΕΠ Χ Α 

 

 



  

a. 
1

0 16 0
16
y y y yλ λ′′ ′′+ = ⇒ + = . Η  α   µ φ  Liouville µ  υ  υ   ( ) 16w x = . 

Η ∆ αφ  αυ   α  2   µ  α  υ  α  α α    µ φ  

( ) xy x eρ≈ . Επ  υµ  αµ  µ  υ α  υ ,  απ   π  µα Sturm-Liouville 

π π   α α α   π µα  υ α π α µα  µ , α   0λ ≥ .  

α α  π υ υµ  α α  2 16 0 4iρ λ ρ λ+ = ⇒ = ± . 

Α   2kλ = ,    α   µ φ  4 4( ) i kx i kxy x ce de−= +  α  α απ α  α  α α υµ  

µ   α υ  µ φ  α     ( ) sin(4 ) cos(4 )y x A kx B kx= +   

α  α  π  πα  ( ) 4 cos(4 ) 4 sin(4 )y x kA kx kB kx′ = − . 

Απ   π  υ α  υ  (0) 0y′ =  υµ  (0) 4 cos 0 4 sin 0 4 0 0y A k B k A k A′ = − = = ⇒ = .  

Ά α ( ) cos(4 )y x B kx=  α  ( ) 4 sin(4 )y x kB kx′ = − . 

Απ    υ α  υ  ( ) 0y L′ =  υµ  

sin(4 ) 0 4 , 0,1, 2,3,....nkL k L n nπ= ⇒ = = .   α α µ  α    0n =  α  µ   

π µα   µ  α  α ( (0) ( ) 0y y L= = ). 

Ά α  

( ) cos(4 )

, 0,1, 2,...

4

n n n

n

y x B k x

nn
k

L

π
=  == 

 

 π µ  µα α  α α π υµ   υ α   αυ  α απ  α  

. Θα µ  αφ   π π  0n =  α  0n ≠ . 

α α υµ   π π  0n = α  π α 0 0k =   α  0 0( )y x B=   

Θα υµ  
2 2 2

0 0 0 0 0

0 0

( , ) ( ) ( ) 16 16

L L

y y w x y x dx B dx B L= = =∫ ∫  α  µ υ  

2

0 0 0 0

1
( , ) 1 16 1

4
y y B L B

L
= ⇒ = ⇒ =  

Γ α  π π  π υ 0n ≠  α  πα α  υπ  µα   µα π υ α   φ  α 

υµ   

2 2 2 2

0 0 0

2 2 2

0 0

( , ) ( ) ( ) 16 cos (4 ) 8 [1 cos(8 )]

1 1 2
8 sin(8 ) 8 sin( ) 8

8 8

L L L

n n n n n n n

L L

n n n n

n n

y y w x y x dx B k x dx B k x dx

n
B L k x B L x B L

k k L

π
= = = +
      = + = + =      

∫ ∫ ∫
 

α  µ υ  2 1
( , ) 1 8 1

8
n n n ny y B L B

L
= ⇒ = ⇒ =  

 

Ά α   υ α  α υ   µ φ  

 

0

1
( )

4

1 1
( ) cos(4 ) cos , 1, 2,3,...

8 8
n n

y x
L

n x
y x k x n

LL L

π
 = = = =

 

 

 

 

 

 

 

 

 



b. Η υ  ( )f x Lx=  α απ α     υ α  
0

( ) ( )n n

n

f x c y x
∞

=
=∑ . 

 Γ α 0n =  α υµ  

( ) *

0 0 0

0 0

2 2
3

2 2

0

0

1
, ( ) ( ) ( ) 4 ( )

2

2 2
3

2 2

L L

L

L

c y f w x y x f x dx x L dx
L

x L
Lx L L

L L

= = = +
   = + = + =       

∫ ∫
 

Γ α 0n ≠  α υµ  

( ) *

0 0 0 0

1 4
, ( ) ( ) ( ) 4 cos ( ) cos cos

2 2

L L L L

n n n

n x n x n x
c y f w x y x f x dx x L dx x dx L dx

L L LL L

π π π = = = + = +  ∫ ∫ ∫ ∫  

  µα 
2

0 0

cos sin 0

LL
n x L n x

L dx
L n L

π π
π= =∫  

Γ α  π  µα   α α  µ α  
n

z x
L

π= .  

Ά α : 

[ ]

2 2

2 2 2 2

0 0 0 0

2 2 2

2 2 2 2 2 20 0

0 0

2 2

2 2 2 2

cos cos ( sin ) sin

sin sin sin cos

cos cos 0 [( 1) 1]

L n n n

n n
n n

n

n x L L
x dx z zdz d z z zdz

L n n

L L L
z z zdz zdz z

n n n

L L
n

n n

π π π

π ππ π

π
π π

π π π
ππ π

 = = −  
 = − = − =  

= − = − −

∫ ∫ ∫ ∫
∫ ∫  

α   

3
2 2

2 2 2 2

4 (2 )
[( 1) 1] [( 1) 1]

2

n n

n

L L
c

n nL π π= − − = − − . 

π  : 
3

23
2

0 2 2
1 1

2 2
1

2 2
1,3,5,...

1 (2 ) 1
( ) ( ) ( ) 3 [( 1) 1] cos

2 2

3 2
( ) [( 1) 1]cos

2

3 4
( ) cos

2

n

o n n

n n

n

n

n

L n x
f x c y x c y x L

n LL L

L n x
f x x L L

n L

L n x
f x x L L

n L

π
π

π
π

π
π

∞ ∞

= =
∞

=

=

= + = + − − ⇒
= + = + − − ⇒
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∑ ∑
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Η Α ΕΠ Η Η  Ω  Ω  

ΑΘΗ Α Α IV 

 

Ε α   π µβ υ 2008 

(06-09-2008) 
 

 

                           

 

ΘΕ Α 1 

A. ∆ α   α υ  π µα µ  
1

0
16
y yλ′′ + =  µ  . . . (0) ( ) 0y y L= = .  

Να   µ  υ π µα  α   α  υ α  π υ 
απ  α  .                     

B.  υ α α α απ υ   υ α  αυ  υ π µα   υ  

( ) ( )f x c x L= −  µ  µ  [0, ]x L∈  α  c  υ α α α .                                                                                

∆ α  22sin 1 cos 2x x= − .                        
(3.5 ) 

 

ΘΕ Α 2 

∆ α    Laguerre  (1 ) 0xy x y yλ′′ ′+ − − =  µ  [0, )x∈ ∞ . Να α απ υ   

υ  5xe−  α  π α π υ υµα Laguerre: 0 ( ) 1L x =  α  1( ) 1L x x= − .  

∆ α   υ  α π  ( ) 2, ( !)n m nmL L n δ= .   

                                                                                                                                       (1.5 ) 

 

 

 

 

 

Η α η  α η  α  3 ώ  

 

Α Η ΕΠ Χ Α 

 

 

 



ΘΕ Α 1 

a. 
1

0 16 0
16
y y y yλ λ′′ ′′+ = ⇒ + = . Η  α   µ φ  Liouville µ  

υ  υ   ( ) 16w x = . 

Η ∆ αφ  αυ   α  2   µ  α  υ  α  α α  

  µ φ  ( ) xy x eρ≈ . Επ  υµ  αµ  µ  υ α  υ ,  

απ   π  µα Sturm-Liouville π π   α α α   π µα  

υ α π α µα  µ , α   0λ ≥ .  α α  π υ υµ  α α  
2 16 0 4iρ λ ρ λ+ = ⇒ = ± . 

Α   2kλ = ,    α   µ φ  4 4( ) i kx i kxy x ce de−= +  α  α απ α  α 

 α α υµ  µ   α υ  µ φ  α     

( ) sin(4 ) cos(4 )y x A kx B kx= +   

Απ   π  υ α  υ  (0) 0y =  υµ  (0) sin 0 cos 0 0y A B B= + = = .  

Ά α ( ) sin(4 )y x A kx= . 

Απ    υ α  υ  ( ) 0y L =  υµ  

sin(4 ) 0 4 , 1, 2,3,....nkL k L n nπ= ⇒ = = .   α µ    n=0. 

Ά α  

( ) sin(4 )

, 1, 2,...

4

n n n

n

y x A k x

nn
k

L

π
=  == 

 

 π µ  µα α  α α π υµ   υ α   αυ  α 

απ  α  .  

α  υπ  µα   µα π υ α   φ  α υµ   

2 2 2 2

0 0 0

2 2 2

0 0

( , ) ( ) ( ) 16 sin (4 ) 8 [1 cos(8 )]

1 1 8
8 sin(8 ) 8 sin( ) 8

8 8

L L L

n n n n n n n

L L

n n n n

n n

y y w x y x dx A k x dx A k x dx

n
A L k x A L x A L

k k L

π
= = = −
      = − = − =      

∫ ∫ ∫
 

α  µ υ  2 1
( , ) 1 8 1

8
n n n ny y A L A

L
= ⇒ = ⇒ =  

 

 

Ά α   υ α  α υ   µ φ  

 1 1
( ) sin(4 ) sin , 1, 2,3,...

8 8
n n

n x
y x k x n

LL L

π
 = = =

 

 

 

b. Η υ  ( ) ( )f x c x L= −  α απ α     υ α  

0

( ) ( )n n

n

f x c y x
∞

=
=∑ . 

 

      

( ) *

0 0

0 0 0

1
, ( ) ( ) ( ) 16 sin ( )

8

8 8
sin ( ) sin sin

2 2

L L

n n n

L L L

n x
c y f w x y x f x dx c x L dx

LL

c n x c n x n x
x L dx x dx L dx

L L LL L

π
π π π

 = = = − =  
      = − = −            

∫ ∫
∫ ∫ ∫

 

  µα 

[ ]
00

sin cos cos( ) cos 0 ( 1) 1

LL

nn x L n x L L
dx n

L n L n n

π π ππ π π  =− = − − = − − − ∫  



Γ α  π  µα   α α  µ α  
n

z x
L

π= .  

Ά α : 

( ) ( )
2 2

2 2 2 2

0 0 0 0

2 2 2

2 2 2 2 2 20 0

0

2

sin sin ( cos ) cos

cos cos cos( ) sin ( 1) 0

( 1)

L n n n

n
n n n

n

n x L L
x dx z zdz d z z zdz
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