
 

 

ȉȝȒȝα ǼπȚıĲȒȝȘȢ ĲȦȞ ȊȜȚțȫȞ                                                ǼȚįȚțȐ ΘȑȝαĲα ΜȘȤαȞȚțȒȢ 
 

ǼȟİĲαıĲȚțȒ ǿȠυȞȓȠυ 2011                                                            ΗȝİȡȠȝȘȞȓα : 25-6-2011  

  

ΘΕΜΑ 1 (2.5 Μ) 

ǻȓȞİĲαȚ ȠȝȠγİȞȒȢ αȝφȓπαțĲȒ įȠțȩȢ ȝȒțȠυȢ   

țαȚ ȠȡșȠγȫȞȚȠυ πȡȠφȓȜ ȩπȦȢ φαȓȞİĲαȚ ıĲȠ 
ıȤȒȝα. ΈıĲȦ ȩĲȚ αıțİȓĲαȚ įȪȞαȝȘ F


 ıİ 

απȩıĲαıȘ s  απȩ ĲȠ αȡȚıĲİȡȩ ĲȘȢ ȐțȡȠ. Ȉİ 
πȠȚα ıȘȝİȓα ĲȘȢ įȠțȠȪ αıțİȓĲαȚ Ș ȝȑγȚıĲȘ 

ȠȡșȒ ĲȐıȘ țαȚ πȠȚα Ș ĲȚȝȒȢ ĲȘȢ. 
 

ΘΕΜΑ 2 (2.5 Μ) 

ΈıĲȦ ıĲİȡİȩ ıȫȝα ıĲȠ ȠπȠȓȠ αıțȠȪȞĲαȚ ĲȐıİȚȢ πȠυ πİȡȚγȡȐφȠȞĲαȚ απȩ ĲȠȞ ĲαȞυıĲȒ 
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
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ǹ) ȈĲȠ ıȘȝİȓȠ ȝİ ıυȞĲİĲαγȝȑȞİȢ (1,0,1) πȠȚα Ș ĲȐıȘ πȠυ αıțİȓĲαȚ ıİ ıĲȠȚȤİȚȫįȘ 

İπȚφȐȞİȚα παȡȐȜȜȘȜȘ ıĲȠ İπȓπİįȠ 2 3 2 1x y z   ; ȆȠȚȠ ĲȠ ȝȑĲȡȠ ĲȘȢ ȠȡșȒȢ țαȚ ĲȘȢ 
įȚαĲȝȘĲȚțȒȢ ĲȐıȘȢ ıĲȠ ıȘȝİȓȠ αυĲȩ; 
Ǻ) ȆȠȚİȢ ȠȚ țȪȡȚİȢ ĲȚȝȑȢ ĲȐıȘȢ ıĲȠ ıȘȝİȓȠ (1,1,1) țαȚ πȠȚİȢ ȠȚ ĲȚȝȑȢ ĲȦȞ αȞαȜȜȠȓȦĲȦȞ 
πȠıȠĲȒĲȦȞ; 
 

ΘΕΜΑ 3 (5 Μ) 

ǻȓȞİĲαȚ γȡαȝȝȚțȩ ıυȝȝİĲȡȚțȩ ĲȡȚαĲȠȝȚțȩ ȝȩȡȚȠ (π.Ȥ. O-C-O). ȅȚ αȜȜȘȜİπȚįȡȐıİȚȢ 
ȝİĲαȟȪ įȪȠ įȚαįȠȤȚțȫȞ αĲȩȝȦȞ πİȡȚγȡȐφȠȞĲαȚ απȩ įυȞαȝȚțȩ Leonard-Jones  

1 2

12 6
( )

LJ

c c
V r

r r
   ȩπȠυ 1 2,c c  ıĲαșİȡȑȢ țαȚ r Ș ȝİĲαȟȪ ĲȠυȢ απȩıĲαıȘ.  

ǹ) ȈȤİįȚȐıĲİ ĲȠ įυȞαȝȚțȩ. ȆȠȚα Ș șȑıȘ ȚıȠȡȡȠπȓαȢ; 
Ǻ) ȆȠȚȠȚ ȠȚ țαȞȠȞȚțȠȓ ĲȡȩπȠȚ ĲαȜȐȞĲȦıȘȢ; (ıȤȠȜȚȐıĲİ ĲȠυȢ).   
Γ) ȆȠȚα Ș ȤȡȠȞȚțȒ İȟȐȡĲȘıȘ ĲȘȢ ȝİĲαĲȩπȚıȘȢ țȐșİ αĲȩȝȠυ ıυȞαȡĲȒıİȚ ĲȦȞ ȝαȗȫȞ 
ĲȠυȢ țαȚ ĲȦȞ ıĲαșİȡȫȞ 1 2,c c . 

ǻ) ΓȡȐȥĲİ ĲȚȢ İȟȚıȫıİȚȢ πȠυ πİȡȚγȡȐφȠυȞ ĲȘȞ țȓȞȘıȘ ȤȡȘıȚȝȠπȠȚȫȞĲαȢ ĲȠȞ 
φȠȡȝαȜȚıȝȩ ĲȠυ Lagrange 

Ǽ) ΓȡȐȥĲİ ĲȚȢ țαȞȠȞȚțȑȢ İȟȚıȫıİȚȢ ĲȠυ Hamilton 

 

 

Η įȚȐȡțİȚα ĲηȢ İȟȑĲαıηȢ İȓȞαȚ 3 ώȡİȢ. 
 

 
ΚαȜȒ ΕπȚĲυχȓα 



 

 

ȉȝȒȝα ǼπȚıĲȒȝȘȢ ĲȦȞ ȊȜȚțȫȞ                                                ǼȚįȚțȐ ΘȑȝαĲα ȂȘȤαȞȚțȒȢ 
 

ǼȟİĲαıĲȚțȒ ǿȠυȞȓȠυ 2011                                                              ΗȝİȡȠȝȘȞȓα : 6-7-2011  

  

ΘΕΜǹ 1 (2 Μ) 

ǻȓȞİĲαȚ ȠȝȠȖİȞȒȢ αȝφȓπαțĲȒ įȠțȩȢ ȝȒțȠυȢ   țαȚ 
ȠȡșȠȖȫȞȚȠυ πȡȠφȓȜ ȩπȦȢ φαȓȞİĲαȚ ıĲȠ ıȤȒȝα. ΈıĲȦ ȩĲȚ 
αıțȠȪȞĲαȚ įυȞȐȝİȚȢ 1F


 țαȚ 2F


, ȓıȠυ ȝȑĲȡȠυ F , ıİ 

απȩıĲαıȘ 4  απȩ Ĳα įȪȠ Ȑțȡα. Ȉİ πȠȚα ıȘȝİȓα ĲȘȢ įȠțȠȪ 
αıțİȓĲαȚ Ș ȝȑȖȚıĲȘ ȠȡșȒ ĲȐıȘ țαȚ πȠȚα Ș ĲȚȝȒȢ ĲȘȢ. 
 

ΘΕΜǹ 2 (3.5 Μ) 

ΈıĲȦ ıĲİȡİȩ ıȫȝα ıĲȠ ȠπȠȓȠ αıțȠȪȞĲαȚ ĲȐıİȚȢ πȠυ πİȡȚȖȡȐφȠȞĲαȚ απȩ ĲȠȞ ĲαȞυıĲȒ 
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ǹ) ȈĲȠ ıȘȝİȓȠ ȝİ ıυȞĲİĲαȖȝȑȞİȢ (1,0,1) πȠȚα Ș ĲȐıȘ πȠυ αıțİȓĲαȚ ıİ ıĲȠȚȤİȚȫįȘ 

İπȚφȐȞİȚα παȡȐȜȜȘȜȘ ıĲȠ İπȓπİįȠ 2 2 1x yz  ; ȆȠȚȠ ĲȠ ȝȑĲȡȠ ĲȘȢ ȠȡșȒȢ țαȚ ĲȘȢ 
įȚαĲȝȘĲȚțȒȢ ĲȐıȘȢ ıĲȠ ıȘȝİȓȠ αυĲȩ; 
Ǻ) ȆȠȚİȢ ȠȚ țȪȡȚİȢ ĲȚȝȑȢ ĲȐıȘȢ ıĲȠ ıȘȝİȓȠ (2,1,2) țαȚ πȠȚİȢ ȠȚ ĲȚȝȑȢ ĲȦȞ αȞαȜȜȠȓȦĲȦȞ 
πȠıȠĲȒĲȦȞ; ȆȠȚȠȢ Ƞ αȞĲȓıĲȠȚȤȠȢ πȓȞαțαȢ ıĲȡȠφȒȢ; 
 

ΘΕΜǹ 3 (2 Μ) 

ΈıĲȦ ıȫȝα ȝȐȗαȢ m πȠυ ȕȡȓıțİĲαȚ ıĲȘȞ ȐțȡȘ İȜαĲȘȡȓȠυ ıĲαșİȡȐȢ k, πȠυ 
ȑȤİȚ ıĲİȡİȦȝȑȞȠ ĲȠ ȐȞȦ ȐțȡȠ ĲȠυ ȩπȦȢ φαȓȞİĲαȚ ıĲȠ ıȤȒȝα, țαȚ İțĲİȜİȓ 
țαĲαțȩȡυφȘ ĲαȜȐȞĲȦıȘ υπȩ ĲȘ įȪȞαȝȘ ĲȘȢ ȕαȡȪĲȘĲαȢ. ΧȡȘıȚȝȠπȠȚȫȞĲαȢ 
φȠȡȝαȜȚıȝȩ Lagrange ȕȡİȓĲİ ĲȘȞ ȤȡȠȞȚțȒ İȟȐȡĲȘıȘ ĲȘȢ ȝİĲαĲȩπȚıȘȢ ĲȠυ απȩ 
ĲȘȞ șȑıȘ ȚıȠȡȡȠπȓαȢ αȞ ȖȞȦȡȓȗİĲİ ȩĲȚ ĲȘȞ ȤȡȠȞȚțȒ ıĲȚȖȝȒ 0t   ȕȡȓıțİĲαȚ ıĲȘ 

șȑıȘ ȚıȠȡȡȠπȓαȢ țαȚ ȑȤİȚ αȡȤȚțȒ ĲαȤȪĲȘĲα 0 .  

 

ΘΕΜǹ 4 (2.5 Μ) 

ΈȞα υȜȚțȩ ıȘȝİȓȠ ȝȐȗαȢ m țȚȞİȓĲαȚ ȝȑıα ıĲȠ țİȞĲȡȚțȩ įυȞαȝȚțȩ πȠυ ıȤȘȝαĲȓȗȠυȞ 
Ĳȑııİȡα İȞĲİȜȫȢ ȩȝȠȚα ȝİĲαȟȪ ĲȠυȢ İȜțĲȚțȐ țȑȞĲȡα. ȉα țȑȞĲȡα αυĲȐ ȕȡȓıțȠȞĲαȚ ıĲȠ 
ȓįȚȠ İπȓπİįȠ xOy țαȚ ȑȤȠυȞ ıυȞĲİĲαȖȝȑȞİȢ (α,α), (α,-α), (-α,-α) țαȚ (-α,α) αȞĲȓıĲȠȚȤα. 

ȉȠ įυȞαȝȚțȩ țαșİȞȩȢ απȩ Ĳα țȑȞĲȡα İȓȞαȚ ĲȘȢ ȝȠȡφȒȢ ( )V r Ar   ȩπȠυ A șİĲȚțȒ 

ıĲαșİȡȐ  țαȚ r Ș απȩıĲαıȘ ĲȠυ İȜțĲȚțȠȪ țȑȞĲȡȠυ απȩ ĲȘ ȝȐȗα. ȆȠȚİȢ ȠȚ İȟȚıȫıİȚȢ 
țȓȞȘıȘȢ ĲȘȢ ȝȐȗαȢ ȖȚα ȝȚțȡȑȢ απȠțȜȓıİȚȢ απȩ ĲȠ ıȘȝİȓȠ ȚıȠȡȡȠπȓαȢ; 
ȊπȩįİȚȟȘ: țȐȞĲİ ȤȡȒıȘ ĲȘȢ ıυȝȝİĲȡȓαȢ ĲȠυ πȡȠȕȜȒȝαĲȠȢ. 
 

 

Η įȚȐȡțİȚα ĲηȢ İȟȑĲαıηȢ İȓȞαȚ 3 ώȡİȢ. 
 

 
ΚαȜȒ ΕπȚĲυχȓα 

 



 

 

ΘΕΜǹ 1 

ȈĲȘ įȠțȩ șα αıțȠȪȞĲαȚ İțĲȩȢ ĲȦȞ įυȞȐȝİȦȞ 1F


 țαȚ 2F


 țαȚ įȪȠ įυȞȐȝİȚȢ ,N G


 ıĲα įȪȠ 

Ȑțȡα ĲȘȢ πȠυ İȓȞαȚ παțĲȦȝȑȞα ȩπȦȢ φαȓȞİĲαȚ ıĲȠ ıȤȒȝα. ȆȡȠφαȞȫȢ ĲȩıȠ Ș N


 ȩıȠ țαȚ 
Ș G


 șα ȑȤȠυȞ φȠȡȐ αȞĲȓșİĲȘ απȩ ĲȚȢ 1F


 țαȚ 2F


. 

 
ȁȩȖȦ ıĲαĲȚțȒȢ ȚıȠȡȡȠπȓαȢ πȡȑπİȚ ĲȠ ȐșȡȠȚıȝα ĲȦȞ įυȞȐȝİȦȞ Ȟα ȚıȠȪĲαȚ ȝİ ȝȘįȑȞ țαȚ 
ıυȞİπȫȢ  

1 2 1 2 1 20 0 2F F N G F F N G G N F F F               
 ȩπȠυ ȜȐȕαȝİ υπȩȥȘ 

ȝαȢ ȩĲȚ ȠȚ įȪȠ İȟȦĲİȡȚțȑȢ įυȞȐȝİȚȢ ȑȤȠυȞ ĲȠ ȓįȚȠ ȝȑĲȡȠ. 
 

ǼπȓıȘȢ ĲȠ ȐșȡȠȚıȝα ĲȦȞ ȡȠπȫȞ ıİ țȐșİ ıȘȝİȓȠ πȡȑπİȚ Ȟα İȓȞαȚ ȓıȠ ȝİ ĲȠ ȝȘįȑȞ ȜȩȖȦ 

ıĲαĲȚțȒȢ ȚıȠȡȡȠπȓαȢ. ȈĲȠ αȡȚıĲİȡȩ παțĲȦȝȑȞȠ ȐțȡȠ  șα ȑȤȦ  

 1 2 1 2

3 1 3 1 3
0 0

4 4 4 4 4 4
N F F G G F F F F F           

 . 

ȈυȞİπȫȢ 2G N F N F    . 

ΓȚα Ȟα ȕȡȠȪȝİ πȠυ ȑȤȠυȝİ ĲȘȞ ȝȑȖȚıĲȘ ĲȐıȘ πȡȑπİȚ Ȟα ȕȡȠȪȝİ ĲȘȞ țαĲαȞȠȝȒ țαĲαȡȤȐȢ 
ĲȦȞ ȡȠπȫȞ.  
 

ǹȞ πȐȡȦ ȝȓα țȐșİĲȘ ĲȠȝȒ πȡȚȞ ĲȠ ıȘȝİȓȠ πȠυ αıțİȓĲαȚ Ș įȪȞαȝȘ  1F


  (
4

x  
) ıĲȠ 

İȜİȪșİȡȠ αȡȚıĲİȡȩ țȠȝȝȐĲȚ șα αıțİȓĲαȚ ȝȩȞȠ Ș įȪȞαȝȘ N


 țαȚ ıυȞİπȫȢ Ș ȡȠπȒ πȠυ 
αıțİȓĲαȚ ıĲȘ įȚαĲȠȝȒ șα İȓȞαȚ  

z
M Nx Fx   țαȚ αυȟȐȞİĲαȚ ȝİ ĲȠ x (ȉȠ x İȓȞαȚ Ș 

απȩıĲαıȘ απȩ ĲȠ αȡȚıĲİȡȩ ȐțȡȠ ĲȘȢ įȠțȠȪ). ȈĲȠ ıȤȒȝα ıυȝȕȠȜȓȗİĲαȚ ȝİ ȝȓα țȐșİĲȘ 

πȡȐıȚȞȘ ȖȡαȝȝȒ țαȚ ĲȠ ȞȠȪȝİȡȠ 1. 

 

ǹȞ Ĳȫȡα Ș įȚαĲȠȝȒ İȓȞαȚ αȞȐȝİıα ıĲα ıȘȝİȓα πȠυ αıțȠȪȞĲαȚ ȠȚ 1F


 țαȚ 2F


 

(
3

4 4
x  

) ıĲȠ İȜİȪșİȡȠ αȡȚıĲİȡȩ țȠȝȝȐĲȚ șα αıțİȓĲαȚ Ș įȪȞαȝȘ N


 țαȚ Ș įȪȞαȝȘ 

1F


, πȠυ İȟαıțȠȪȞ ȡȠπȑȢ αȞĲȓșİĲȘȢ țαĲİȪșυȞıȘȢ, țαȚ ıυȞİπȫȢ Ș ȡȠπȒ πȠυ αıțİȓĲαȚ ıĲȘ 

įȚαĲȠȝȒ șα İȓȞαȚ  1( ) ( )
4 4 4

zM Nx F x Fx F x F        
 țαȚ Ș ȡȠπȒ İȓȞαȚ ıĲαșİȡȒ. 

ȈĲȠ ıȤȒȝα ıυȝȕȠȜȓȗİĲαȚ ȝİ ȝȓα țȐșİĲȘ πȡȐıȚȞȘ ȖȡαȝȝȒ țαȚ ĲȠ ȞȠȪȝİȡȠ 2. 

 

 



ǹȞ Ĳȫȡα Ș įȚαĲȠȝȒ İȓȞαȚ αȞȐȝİıα ȝİĲȐ ĲȠ ıȘȝİȓȠ πȠυ αıțİȓĲαȚ Ș 2F


 (
3

4
x  

) ıĲȠ 

İȜİȪșİȡȠ αȡȚıĲİȡȩ țȠȝȝȐĲȚ șα αıțİȓĲαȚ Ș įȪȞαȝȘ N


, Ș įȪȞαȝȘ 1F


 țαȚ Ș įȪȞαȝȘ 2F


 , 

țαȚ ıυȞİπȫȢ Ș ȡȠπȒ πȠυ αıțİȓĲαȚ ıĲȘ įȚαĲȠȝȒ șα İȓȞαȚ  

1 2

3 3
( ) ( ) ( ) ( ) ( )

4 4 4 4
zM Nx F x F x Fx F x F x F x              

  țαȚ Ș ȡȠπȒ 

ȝİȚȫȞİĲαȚ ȝİ ĲȠ x. ȈĲȠ ıȤȒȝα ıυȝȕȠȜȓȗİĲαȚ ȝİ ȝȓα țȐșİĲȘ πȡȐıȚȞȘ ȖȡαȝȝȒ țαȚ ĲȠ 
ȞȠȪȝİȡȠ 3. 

 

Η İȟȐȡĲȘıȘ ĲȘȢ ȡȠπȒȢ απȩ ĲȘȞ απȠȝȐțȡυȞıȘ απȩ ĲȠ αȡȚıĲİȡȩ ȐțȡȠ ĲȘȢ įȠțȠȪ 
φαȓȞİĲαȚ ıĲȠ παȡαțȐĲȦ ıȤȒȝα: 

 

 
 

ȉȘȞ ȝȑȖȚıĲȘ ĲȚȝȒ ĲȘȢ ıυȞİπȫȢ Ș ȡȠπȒ ĲȘȞ παȓȡȞİȚ ȩĲαȞ Ș įȚαĲȠȝȒ ȕȡȓıțİĲαȚ αȞȐȝİıα 

ıĲα įȪȠ ıȘȝİȓα πȠυ αıțȠȪȞĲαȚ ȠȚ įυȞȐȝİȚȢ 1F


 țαȚ 2F


  (
3

4 4
x  

)  ȩπȠυ  
4

z

F
M  

. 

 

 

ǼφȩıȠȞ ȑȤȦ ȠȡșȠȖȫȞȚα įȚαĲȠȝȒ Ș ȡȠπȒ αįȡȐȞİȚαȢ ȦȢ πȡȠȢ ĲȠȞ ȐȟȠȞα z (țȠȓĲα ıȤȒȝα 

ȖȚα ȠȡȚıȝȠȪȢ ıυȞĲİĲαȖȝȑȞȦȞ) șα İȓȞαȚ  
3 32 2 2 2 2

2 2

22 2 2 2

3 12

a b a b by

zz

ba b a b y

y ab
I y dydz dz y dy a



   

               . 

Η ȠȡșȒ ĲȐıȘ ȖȚα 
3

4 4
x  

 șα İȓȞαȚ ıυȞİπȫȢ 

3 3

34

12

z
xx

zz

F
M F

y y y
abI ab

   


.  

Η ȝȑȖȚıĲȘ ȠȡșȒ ĲȐıȘ įȓȞİĲαȚ ıĲȠ πȐȞȦ țαȚ țȐĲȦ ȐțȡȠ ȩπȠυ 
2

b
y    țαȚ Ș ĲȐıȘ ȖȓȞİĲαȚ 

max

3 2

3 3

2 2
xx

b F F

ab ab
     

 țαȚ αıțİȓĲαȚ ıİ ȩȜα Ĳα ıȘȝİȓα πȠυ ȑȤȠυȞ ıυȞĲİĲαȖȝȑȞİȢ 

3
, , , ,

4 4 2 2 2

b a a
x y z

             
 

 

 

 



ΘΕΜǹ 2ǹ 

 

Η ıυȞȐȡĲȘıȘ πȠυ πİȡȚȖȡȐφİȚ ĲȠ İπȓπİįȠ İȓȞαȚ Ș 2( , , ) 2 1 0f x y z x yz    . 

ȉȠ țȐșİĲȠ įȚȐȞυıȝα șα İȓȞαȚ ĲȠ  

ˆ ˆ ˆ ˆ ˆ ˆ( , , ) (2 ) (2 ) (2 )x y z x y z

f f f
f x y z u u u x u z u y u

x y z

          


 

ȩπȠυ ˆ ˆ ˆ, ,
x y z

u u u  Ĳα ȝȠȞαįȚαȓα įȚαȞȪıȝαĲα. 

ȈĲȠ ıȘȝİȓȠ (1,0,1) șα ȑȤȠυȝİ  
ˆ ˆ(1,0,1) 2 2

x yz
f u u  

 

ȉȠ țȐșİĲȠ ȝȠȞαįȚαȓȠ ıĲȘȞ İπȚφȐȞİȚα șα İȓȞαȚ ĲȠ 

2 2

ˆ ˆ ˆ ˆ2 2 2 2(1,0,1) 1 1
ˆ ˆ ˆ

8 2 2(1,0,1) 2 ( 2)

x yz x yz

x yz

u u u uf
n u u

f

       


 . 

ȅ ĲαȞυıĲȒȢ ĲȐıİȦȞ ıĲȠ ıȘȝİȓȠ αυĲȩ șα İȓȞαȚ İπȓıȘȢ 
1 0 0

(1,0,1) 0 1 1

0 1 1


      

 țαȚ ıυȞİπȫȢ ȖȚα ĲȠ įȚȐȞυıȝα ĲȐıȘȢ șα ȑȤȦ 

 

1

2

3

1 1
2 21 0 0

1 10 1 1
2 2

0 1 1
0 1

2

s

s

s

                                       

 

țαȚ șα İȓȞαȚ ĲȠ  

ˆ

1 1 1
ˆ ˆ ˆ

2 2 2
n x y zS u u u  

. 

ΓȚα ĲȠ ȝȑĲȡȠ ĲȘȢ ȠȡșȒȢ țαȚ ĲȘȢ įȚαĲȝȘĲȚțȒȢ ĲȐıȘȢ șα ȑȤȦ 

ˆ ˆ

2 2 2

ˆ

2 2

ˆ ˆ ˆ

1 1 1 1 1 1 1 1 1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ0 0 1

2 2 2 2 2 2 2 2 2 2

1 1 1 3

22 2 2

3 1
1

2 2

n n x y z x y z

n

n n n

S n u u u u u u

S

S



 

                      
                    

    





 

  

 

 

 

 

 

 

 

 

 



ΘΕΜǹ 2Ǻ 

 

ȈĲȠ (2,1,2) Ƞ ĲαȞυıĲȒȢ ĲȘȢ ĲȐıȘȢ șα İȓȞαȚ 
2 0 1

(2,1, 2) 0 2 4

1 4 2


      

 

ΓȚα Ȟα ȕȡȠȪȝİ ĲȚȢ țȪȡȚİȢ ĲȚȝȑȢ ĲȠυ ȜȪȞȠυȝİ ĲȘȞ ȤαȡαțĲȘȡȚıĲȚțȒ İȟȓıȦıȘ  

 
2 2 2

22

2 0 1
2 4 0 2

det 0 det 0 2 4 0 (2 ) 1 0
4 2 1 4

1 4 2

(2 ) (2 ) 16 (2 ) 0 (2 ) (2 ) 16 1 0 (2 )( 4 13) 0

2 0 2

4 13 04 13 0

i

i i

i i i

i

i

i i i i i i i i

i I

i ii i

I

      
       
 

  

                 
                       

           
 

ΓȚα ĲȠ 2 4 13 0
i i

     șα ȑȤȠυȝİ 

 

2( 4) 4( 13) 68

2 17( 4) 68
2 17

2 2 17

II

i

III

 

     
           

 

 

ȅȚ αȞαȜȜȠȓȦĲİȢ ĲȠυ ĲαȞυıĲȒ ĲȐıİȦȞ παȓȡȞȠυȞ ĲȚȝȑȢ πȠυ įİȞ İȟαȡĲȫȞĲαȚ απȩ ĲȠ 
ıȪıĲȘȝα ıυȞĲİĲαȖȝȑȞȦȞ πȠυ ȤȡȘıȚȝȠπȠȚȠȪȝİ. ȈυȞİπȫȢ ȤȡȘıȚȝȠπȠȚȫȞĲαȢ ĲȠ țȪȡȚȠ 
ıȪıĲȘȝα ıυȞĲİĲαȖȝȑȞȦȞ ȩπȠυ Ƞ ĲαȞυıĲȒȢ ĲȐıİȦȞ İȓȞαȚ įȚαȖȫȞȚȠȢ țαȚ ȑȤİȚ ĲȘȞ πȚȠ 
απȜȒ įυȞαĲȒ ȝȠȡφȒ, ȠȚ αȞαȜȜȠȓȦĲİȢ șα İȓȞαȚ 
 

1 2 (2 17) (2 17) 6
I II III

J             

2 2 (2 17) 2 (2 17) (2 17) (2 17) 5
I II I III II III

J                       

3 2 (2 17) (2 17) 26
I II III

J           . 

 

 

ΓȚα ĲȘȞ țȪȡȚα ĲȚȝȒ  2
I

   ĲȠ αȞĲȓıĲȠȚȤȠ ȚįȚȠįȚȐȞυıȝα ȕȡȓıțİĲαȚ απȩ ĲȘȞ İȟȓıȦıȘ  

  11 11

1 12 12

13 13

13

13

13

11 12

11 12

2 0 1 0 0 1

0 0 2 4 0 0 0 4 0

1 4 2 1 4 0

0
0

4 0
4

4 0

I

I I

I

R R

I X R R

R R

R
R

R
R R

R R


  


                               

                     

 

ΓȚα Ȟα υπȠȜȠȖȓıȠυȝİ ĲȠ 1Ƞ țαȚ ĲȠ 2Ƞ ıĲȠȚȤİȓȠ ĲȠυ ȚįȚȠįȚαȞȪıȝαĲȠȢ șα 

ȤȡȘıȚȝȠπȠȚȒıȠυȝİ ĲȠ ȖİȖȠȞȩȢ ȩĲȚ ȑȞα ȚįȚȠįȚȐȞυıȝα ȑȤİȚ ȝȑĲȡȠ 1 țαȚ ıυȞİπȫȢ πȡȑπİȚ           2 2 2 2 22

11 12 13 12 12 12

12

1 ( 4 ) 1 17 1

1
17

R R R R R R

R

        
    



ǻȚαȜȑȖȠυȝİ ĲȘȞ αȡȞȘĲȚțȒ ĲȚȝȒ (αȞ įȚαȜȑȖαȝİ ĲȘȞ șİĲȚțȒ șα παȓȡȞαȝİ ĲȠ ȓįȚȠ įȚȐȞυıȝα 

πȠȜȜαπȜαıȚαıȝȑȞȠ ȝİ ĲȠ -1). ȈυȞİπȫȢ  

12 13 12
1 4, 4

17 17
R R R     .  

ȅπȩĲİ ĲȠ πȡȫĲȠ ȚįȚȠįȚȐȞυıȝα İȓȞαȚ  
11

12

13

4
17

1
17

0

R

R

R

                 
  

ΓȚα ĲȘȞ țȪȡȚα ĲȚȝȒ  2 17
II

    ĲȠ αȞĲȓıĲȠȚȤȠ ȚįȚȠįȚȐȞυıȝα ȕȡȓıțİĲαȚ απȩ ĲȘȞ 
İȟȓıȦıȘ  

  21 21

2 22 22

23 23

21 23 21 23

22 23 22 23

21 22 23 21 2

17 0 12 0 1

0 0 2 4 0 0 17 4 0

1 4 2 1 4 17

17 17 00

17 4 0 17 4 0

04 17 4

II

II II

II

R R

I X R R

R R

R R R R

R R R R

R R R R R


  



                                 
                        2 2317 0R

  
 

ǹȞ πȠȜȜαπȜαıȚȐıȦ ĲȘȞ πȡȫĲȘ ȝİ ĲȠ 4 țαȚ αφαȚȡȑıȦ ĲȘȞ 2Ș İȟȓıȦıȘ șα ȑȤȦ 

21 22 22 214 0 4R R R R     

İȞȫ απȩ ĲȘȞ 1Ș İȟȓıȦıȘ ȑȤȦ 

21 23 23 2117 0 17R R R R      

 

ǼπİȚįȒ ȑȞα ȚįȚȠįȚȐȞυıȝα ȑȤİȚ ȝȑĲȡȠ 1 țαȚ ıυȞİπȫȢ πȡȑπİȚ  

             22 2 2 2 2 2

21 22 23 21 21 21 21

21

1 4 17 1 34 1

1 ,
34

R R R R R R R

R

        
    

ǻȚαȜȑȖȠυȝİ ĲȘȞ șİĲȚțȒ ĲȚȝȒ (αȞ įȚαȜȑȖαȝİ ĲȘȞ αȡȞȘĲȚțȒ șα παȓȡȞαȝİ ĲȠ ȓįȚȠ įȚȐȞυıȝα 

πȠȜȜαπȜαıȚαıȝȑȞȠ ȝİ ĲȠ -1).  

ȅπȩĲİ ĲȠ įİȪĲİȡȠ ȚįȚȠįȚȐȞυıȝα İȓȞαȚ  
21 21

22 21

23 21

1 1
34 34

4 44
34 34

17 117
234

R R

R R

R R

                                         

  

 

ΓȚα ĲȘȞ țȪȡȚα ĲȚȝȒ  2 17
III

    ĲȠ αȞĲȓıĲȠȚȤȠ ȚįȚȠįȚȐȞυıȝα ȕȡȓıțİĲαȚ απȩ ĲȘȞ 
İȟȓıȦıȘ  



  31 31

3 32 32

33 33

31 33 31 33

32 33 32

31 32 33

17 0 12 0 1

0 0 2 4 0 0 17 4 0

1 4 2 1 4 17

17 17 00

17 4 0 17 4

04 17

III

III III

III

R R

I X R R

R R

R R R R

R R R R

R R R


  



                                  
                          

33

31 32 33

0

4 17 0R R R

    
 

ǹȞ πȠȜȜαπȜαıȚȐıȦ ĲȘȞ πȡȫĲȘ ȝİ ĲȠ 4 țαȚ αφαȚȡȑıȦ ĲȘȞ 2Ș İȟȓıȦıȘ șα ȑȤȦ 

31 32 32 314 0 4R R R R     

İȞȫ απȩ ĲȘȞ 1Ș İȟȓıȦıȘ ȑȤȦ 

31 33 33 3117 0 17R R R R      

 

ǼπİȚįȒ ȑȞα ȚįȚȠįȚȐȞυıȝα ȑȤİȚ ȝȑĲȡȠ 1 țαȚ ıυȞİπȫȢ πȡȑπİȚ  

             22 2 2 2 2 2

31 32 33 31 31 31 31

31

1 4 17 1 34 1

1 ,
34

R R R R R R R

R

         
    

ǻȚαȜȑȖȠυȝİ ĲȘȞ șİĲȚțȒ ĲȚȝȒ (αȞ įȚαȜȑȖαȝİ ĲȘȞ αȡȞȘĲȚțȒ șα παȓȡȞαȝİ ĲȠ ȓįȚȠ įȚȐȞυıȝα 

πȠȜȜαπȜαıȚαıȝȑȞȠ ȝİ ĲȠ -1).  

ȅπȩĲİ ĲȠ ĲȡȓĲȠ ȚįȚȠįȚȐȞυıȝα İȓȞαȚ  
31 31

32 31

33 31

1 1
34 34

4 44
34 34

17 117
234

R R

R R

R R

                                         

  

ȉα Ĳȡȓα ȚįȚȠįȚαȞȪıȝαĲα İȓȞαȚ ȠȚ ıĲȒȜİȢ ĲȠυ αȞαıĲȡȩφȠυ ĲȠυ πȓȞαțα ıĲȡȠφȒȢ țαȚ 
ıυȞİπȫȢ  
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12 22 32

13 23 33
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21 22 23

31 32 33
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17 34 34

1 4 4
17 34 34
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4 1 0
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1 4 1
34 34 2

1 4 1
34 34 2

T

R R R

R R R R

R R R

R R R

R R R R

R R R

                   
                  



ΘΕΜǹ 3 

ȈĲȠ ıȫȝα αıțİȓĲαȚ Ș įȪȞαȝȘ İπαȞαφȠȡȐȢ απȩ ĲȠ İȜαĲȒȡȚȠ țαȚ Ș įȪȞαȝȘ 

ĲȘȢ ȕαȡȪĲȘĲαȢ F kx mg   . ȅȚ įȪȠ įυȞȐȝİȚȢ ȩπȦȢ φαȓȞİĲαȚ ıĲȠ ıȤȒȝα 

ȑȤȠυȞ αȞĲȓșİĲȘ φȠȡȐ. ȉȠ x  İȓȞαȚ Ș απȩıĲαıȘ απȩ ĲȠ ıȘȝİȓȠ ȚıȠȡȡȠπȓαȢ 
ĲȘȢ ȝȐȗαȢ țαȚ ȠȡȓȗİĲαȚ ȑĲıȚ ȫıĲİ Ȟα İȓȞαȚ șİĲȚțȒ ıĲȘȞ φȠȡȐ ĲȘȢ 
ȕαȡȪĲȘĲαȢ (Ș ȝȐȗα ȩπȦȢ ȜȑİȚ Ș İțφȫȞȘıȘ țȐȞİȚ țαĲαțȩȡυφȘ țȓȞȘıȘ). Η 

įυȞαȝȚțȒ İȞȑȡȖİȚα ( )V x  ȕȡȓıțİĲαȚ İȪțȠȜα įİįȠȝȑȞȠυ ȩĲȚ 
21

( )
2

dV
F kx mg V x kx mgx

dx
        . 

Η țȚȞȘĲȚțȒ İȞȑȡȖİȚα İȓȞαȚ αȞȐȜȠȖȘ ĲȠυ ĲİĲȡαȖȫȞȠυ ĲȘȢ ĲαȤȪĲȘĲαȢ ĲȘȢ 
ȝȐȗαȢ 

21
( )

2
T x mx   

Η ȜαȖțȡαȞȗȚαȞȒ İȓȞαȚ 2 2 2 21 1 1 1
( , )

2 2 2 2
L x x T V mx kx mgx mx kx mgx

              

ǹπȩ ĲȘȞ İȟȓıȦıȘ țȓȞȘıȘȢ șα ȑȤȦ 

  2
x x g

d L L d
mx kx mg mx kx mg

kdt x x dt
m



                     


 


 

Η İȟȓıȦıȘ αυĲȒ İȓȞαȚ ȝȘ-ȠȝȠȖİȞȒȢ įȚαφȠȡȚțȒ İȟȓıȦıȘ 2ȘȢ ĲȐȟȘȢ ȝİ ıĲαșİȡȠȪȢ 
ıυȞĲİȜİıĲȑȢ. 
ΓȚα ĲȠ ȠȝȠȖİȞȑȢ țȠȝȝȐĲȚ șα ȑȤȦ 2 0

o o
x x   πȠυ İȓȞαȚ Ƞ απȜȩȢ ȖȡαȝȝȚțȩȢ ĲαȜαȞĲȦĲȒȢ 

ıυȤȞȩĲȘĲαȢ Ȧ țαȚ Ș ȜȪıȘ İȓȞαȚ ( ) cos( ) sin( )
ox t A t B t    Ȓ ȚıȠįȪȞαȝα 

( ) cos( )
o

x t t    . 

ΓȚα ĲȠ ȝȘ-ȠȝȠȖİȞȑȢ țȠȝȝȐĲȚ įİįȠȝȑȞȠυ ȩĲȚ ȚıȠȪĲαȚ ȝİ g  πȠυ İȓȞαȚ ıĲαșİȡȐ 

(πȠȜυȫȞυȝȠ ȝȘįİȞȚțȠȪ ȕαșȝȠȪ) Ș ȝİȡȚțȒ ȜȪıȘ șα İȓȞαȚ İπȓıȘȢ ȝȓα ıĲαșİȡȐ : 

( ) 0 0
p p p

x t D x x      . ǹπȩ ĲȘȞ įȚαφȠȡȚțȒ İȟȓıȦıȘ șα ȑȤȦ 

2 2

2
0p p

g
x x g D g D          

țαȚ Ș ĲİȜȚțȒ ȜȪıȘ șα İȓȞαȚ 
2

( ) ( ) ( ) cos( ) sin( )o p

g
x t x t x t A t B t        Ȓ  

2
( ) ( ) ( ) cos( )o p

g
x t x t x t t        . 

ǹȞ πȐȡȦ ĲȘȞ πȡȫĲȘ ıȤȑıȘ șα ȑȤȦ sin( ) cos( )
dx

A t B t
dt

        

ǹπȩ ĲȚȢ αȡȤȚțȑȢ ıυȞșȒțİȢ 

 
2

2 0

2 2

00
0

( 0) 0
0

( ) cos( ) sin( )
( 0)

g
gx t A

A g g
x t t tdx

t
dt

         

                       
 

 

 

 

 

 

 

 



 

 

ȉȝȒȝα ǼπȚıĲȒȝȘȢ ĲωȞ ȊȜȚțȫȞ                                                ǼȚįȚțȐ ΘȑȝαĲα ȂȘχαȞȚțȒȢ 
 

ǼȟİĲαıĲȚțȒ ȃȠİȝȕȡȓȠυ 2011                                                   ΗȝİȡȠȝȘȞȓα : 12-11-2011  

  

ΘΕΜΑ 1 (2 Μ) 

ǻȓȞİĲαȚ ȠȝȠȖİȞȒȢ αȝφȓπαțĲȒ įȠțȩȢ ȝȒțȠυȢ   

țαȚ ȠȡșȠȖȫȞȚȠυ πȡȠφȓȜ ȩπωȢ φαȓȞİĲαȚ ıĲȠ 
ıχȒȝα. ΈıĲω ȩĲȚ αıțİȓĲαȚ įȪȞαȝȘ F


 ıİ 

απȩıĲαıȘ s  απȩ ĲȠ αȡȚıĲİȡȩ ĲȘȢ ȐțȡȠ. Ȉİ 
πȠȚα ıȘȝİȓα ĲȘȢ įȠțȠȪ αıțİȓĲαȚ Ș ȝȑȖȚıĲȘ 

ȠȡșȒ ĲȐıȘ țαȚ πȠȚα Ș ĲȚȝȒȢ ĲȘȢ. 
 

ΘΕΜΑ 2 (4.5 Μ) 

ǻȓȞİĲαȚ ȖȡαȝȝȚțȩ ıυȝȝİĲȡȚțȩ ĲȡȚαĲȠȝȚțȩ ȝȩȡȚȠ (π.χ. O-C-O). ȅȚ αȜȜȘȜİπȚįȡȐıİȚȢ 
ȝİĲαȟȪ įȪȠ įȚαįȠχȚțȫȞ αĲȩȝωȞ πİȡȚȖȡȐφȠȞĲαȚ απȩ įυȞαȝȚțȩ ĲȘȢ ȖİȞȚțȒȢ ȝȠȡφȒȢ 

( )
n m

A B
V r

r r
    ȩπȠυ ǹ, Ǻ ıĲαșİȡȑȢ,  r Ș απȩıĲαıȘ ȝİĲαȟȪ ĲωȞ αĲȩȝωȞ țαȚ n,m 

ȝȚțȡȠȓ αțȑȡαȚȠȚ.  
ǹ) ȆȠȚα Ș απȩıĲαıȘ ȚıȠȡȡȠπȓαȢ ȝİĲαȟȪ įȪȠ įȚαįȠχȚțȫȞ αĲȩȝωȞ; ΓȚα ȝȚțȡȠȪ πȜȐĲȠυȢ 
ĲαȜαȞĲȫıİȚȢ ȖȪȡω απȩ ĲȘ șȑıȘ ȚıȠȡȡȠπȓαȢ ĲȠυȢ πȠȚα Ș ıĲαșİȡȐ ĲȠυ İȜαĲȘȡȓȠυ πȠυ Ĳα 

ıυȞįȑİȚ; 
Ǻ) ȆȠȚȠȚ ȠȚ țαȞȠȞȚțȠȓ ĲȡȩπȠȚ ĲαȜȐȞĲωıȘȢ ĲȠυ ĲȡȚαĲȠȝȚțȠȪ ȝȠȡȓȠυ χȡȘıȚȝȠπȠȚȫȞĲαȢ 
ĲȘȞ πȡȠıȑȖȖȚıȘ țαȚ Ĳα απȠĲİȜȑıȝαĲα ĲȠυ İȡωĲȒȝαĲȠȢ ǹ; (ıχȠȜȚȐıĲİ ĲȠυȢ).   
Γ) ȆȠȚα Ș χȡȠȞȚțȒ İȟȐȡĲȘıȘ ĲȘȢ ȝİĲαĲȩπȚıȘȢ țȐșİ αĲȩȝȠυ ıυȞαȡĲȒıİȚ ĲωȞ ȝαȗȫȞ 
ĲȠυȢ țαȚ ĲωȞ ıĲαșİȡȫȞ ǹ, Ǻ, n, m. 

 

ΘΕΜΑ 3 (3.5 Μ) 

ΈıĲω ıĲİȡİȩ ıȫȝα ıĲȠ ȠπȠȓȠ αıțȠȪȞĲαȚ ĲȐıİȚȢ πȠυ πİȡȚȖȡȐφȠȞĲαȚ απȩ ĲȠȞ ĲαȞυıĲȒ 

2

2

0

( , , ) 0

xy yz

x y z y z

yz z x


      

 

ǹ) ȈĲȠ ıȘȝİȓȠ ȝİ ıυȞĲİĲαȖȝȑȞİȢ (1,1,1) πȠȚα Ș ĲȐıȘ πȠυ αıțİȓĲαȚ ıİ ıĲȠȚχİȚȫįȘ 

İπȚφȐȞİȚα παȡȐȜȜȘȜȘ ıĲȠ İπȓπİįȠ 2 1x z  ; ȆȠȚȠ ĲȠ ȝȑĲȡȠ ĲȘȢ ȠȡșȒȢ țαȚ ĲȘȢ 
įȚαĲȝȘĲȚțȒȢ ĲȐıȘȢ ıĲȠ ıȘȝİȓȠ αυĲȩ; ȆȠȚα Ș ȖωȞȓα ĲȘȢ ĲȐıȘȢ ȝİ ĲȘȞ ȠȡșȒ ĲȐıȘ; 

Ǻ) ȆȠȚİȢ ȠȚ țȪȡȚİȢ ĲȚȝȑȢ ĲȐıȘȢ ıĲȠ ıȘȝİȓȠ (1,1,1) țαȚ πȠȚİȢ ȠȚ ĲȚȝȑȢ ĲωȞ αȞαȜȜȠȓωĲωȞ 
πȠıȠĲȒĲωȞ; ȆȠȚȠȢ Ƞ αȞĲȓıĲȠȚχȠȢ πȓȞαțαȢ ıĲȡȠφȒȢ; 
 

 

Η įȚȐȡțİȚα ĲηȢ İȟȑĲαıηȢ İȓȞαȚ 3 ώȡİȢ. 
 

 
ΚαȜȒ ΕπȚĲυχȓα 



 

 

ȉȝȒȝα ǼπȚıĲȒȝȘȢ ĲωȞ ȊȜȚțȫȞ                                                ǼȚįȚțȐ ΘȑȝαĲα ΜȘχαȞȚțȒȢ 
 

ǼȟİĲαıĲȚțȒ ΦİȕȡȠυαȡȓȠυ 2012                                                ΗȝİȡȠȝȘȞȓα : 04-02-2012  

  

 

ΘΕΜΑ 1 (5 Μ) 

ǻȓȞİĲαȚ ȖȡαȝȝȚțȩ ıυȝȝİĲȡȚțȩ ĲȡȚαĲȠȝȚțȩ ȝȩȡȚȠ (π.χ. O-C-O). ȅȚ αȜȜȘȜİπȚįȡȐıİȚȢ 
ȝİĲαȟȪ įȪȠ įȚαįȠχȚțȫȞ αĲȩȝωȞ πİȡȚȖȡȐφȠȞĲαȚ απȩ įυȞαȝȚțȩ ĲȘȢ ȖİȞȚțȒȢ ȝȠȡφȒȢ 

1
( )

n n

A B
V r

r r
    ȩπȠυ ǹ, Ǻ ıĲαșİȡȑȢ,  r Ș απȩıĲαıȘ ȝİĲαȟȪ ĲωȞ αĲȩȝωȞ țαȚ n ȝȚțȡȩȢ 

αțȑȡαȚȠȢ.  
ǹ) ȆȠȚα Ș απȩıĲαıȘ ȚıȠȡȡȠπȓαȢ ȝİĲαȟȪ įȪȠ įȚαįȠχȚțȫȞ αĲȩȝωȞ; ΓȚα ȝȚțȡȠȪ πȜȐĲȠυȢ 
ĲαȜαȞĲȫıİȚȢ ȖȪȡω απȩ ĲȘ șȑıȘ ȚıȠȡȡȠπȓαȢ ĲȠυȢ πȠȚα Ș ıĲαșİȡȐ ĲȠυ İȜαĲȘȡȓȠυ πȠυ Ĳα 

ıυȞįȑİȚ; 
Ǻ) ȆȠȚȠȚ ȠȚ țαȞȠȞȚțȠȓ ĲȡȩπȠȚ ĲαȜȐȞĲωıȘȢ ĲȠυ ĲȡȚαĲȠȝȚțȠȪ ȝȠȡȓȠυ χȡȘıȚȝȠπȠȚȫȞĲαȢ 
ĲȘȞ πȡȠıȑȖȖȚıȘ țαȚ Ĳα απȠĲİȜȑıȝαĲα ĲȠυ İȡωĲȒȝαĲȠȢ ǹ; (ıχȠȜȚȐıĲİ ĲȠυȢ).   
 

ΘΕΜΑ 2 (2.5 Μ) 

ΈıĲω παȡαȝȩȡφωıȘ ıĲİȡİȠȪ ıȫȝαĲȠȢ ĲȑĲȠȚα ȫıĲİ țȐșİ ıȘȝİȓȠ ( , , )x y z  Ȟα 

ȝİĲαıχȘȝαĲȓȗİĲαȚ ıĲȠ ( , , )u v w , ȩπȠυ 2 2 2 23 , ,u y zx x v yzx w x y z     .  

(i) ȆȠȚȠȢ Ƞ ĲαȞυıĲȒȢ παȡαȝȩȡφωıȘȢ; 
(ii) ȆȠȚα Ș ȠȡșȒ παȡαȝȩȡφωıȘ ıĲȠ ıȘȝİȓȠ (1,0,1) țαĲȐ ȝȒțȠȢ ĲȠυ įȚαȞȪıȝαĲȠȢ 

ˆ ˆ ˆ2 20
x y z

d u u u  
; ȆȠȚα Ș ȝİĲαȕȠȜȒ ĲȠυ ȝȒțȠυȢ ıĲȠȚχİȚȫįȠυȢ ĲȩȟȠυ țαȚ ĲȠυ 

ıĲȠȚχİȚȫįȠυȢ ȩȖțȠυ ıĲȠ ıȘȝİȓȠ αυĲȩ; 
 

ΘΕΜΑ 3 (2.5 Μ) 

ΘİωȡȒıĲİ ĲȠȞ ĲαȞυıĲȒ παȡαȝȩȡφωıȘȢ πȠυ πİȡȚȖȡȐφİĲαȚ ıĲȠ șȑȝα 2. ȆȠȚİȢ ȠȚ țȪȡȚİȢ 
ĲȚȝȑȢ παȡαȝȩȡφωıȘȢ ıĲȠ ıȘȝİȓȠ (0,0,1); ȆȠȚȠȢ Ƞ αȞĲȓıĲȠȚχȠȢ πȓȞαțαȢ ıĲȡȠφȒȢ; 
ȊπȩįİȚȟȘ: șİωȡȒıĲİ αțȡȓȕİȚα įȪȠ įİțαįȚțȫȞ ıȘȝİȓωȞ ıĲȚȢ πȡȐȟİȚȢ. 
 

Η įȚȐȡțİȚα ĲηȢ İȟȑĲαıηȢ İȓȞαȚ 3 ώȡİȢ. 
 

 
ΚαȜȒ ΕπȚĲυχȓα 



 

 

ȉȝȒȝα ǼπȚıĲȒȝȘȢ ĲȦȞ ȊȜȚțȫȞ                                                ǼȚįȚțȐ ΘȑȝαĲα ȂȘȤαȞȚțȒȢ 
 

ǼȟİĲαıĲȚțȒ ǿȠυȞȓȠυ 2012                                                          ΗȝİȡȠȝȘȞȓα : 22-06-2012  

  

ΘΕȂΑ 1 (3 Ȃ) 

ǻȓȞİĲαȚ ȠȝȠȖİȞȒȢ αȝφȓπαțĲȒ įȠțȩȢ 
ȝȒțȠυȢ   țαȚ ȠȡșȠȖȫȞȚȠυ πȡȠφȓȜ ȩπȦȢ 
φαȓȞİĲαȚ ıĲȠ ıȤȒȝα. ΈıĲȦ ȩĲȚ αıțȠȪȞĲαȚ 
αȞĲȚπαȡȐȜȜȘȜİȢ įυȞȐȝİȚȢ 1F


 țαȚ 2F


, 

ĲȑĲȠȚİȢ ȫıĲİ 1 24 4F F F  
, ıİ 

απȩıĲαıȘ 4  απȩ Ĳα įȪȠ Ȑțȡα. Ȉİ πȠȚα ıȘȝİȓα ĲȘȢ įȠțȠȪ αıțİȓĲαȚ Ș ȝȑȖȚıĲȘ țαȚ Ș 

İȜȐȤȚıĲȘ ȠȡșȒ ĲȐıȘ țαȚ πȠȚα Ș ĲȚȝȒȢ ĲȘȢ ıυȞαȡĲȒıİȚ ĲȦȞ , ,F a . 

 

ΘΕȂΑ 2 (2 Ȃ) 

ΈıĲȦ ıĲİȡİȩ ıȫȝα ıĲȠ ȠπȠȓȠ αıțȠȪȞĲαȚ ĲȐıİȚȢ πȠυ πİȡȚȖȡȐφȠȞĲαȚ απȩ ĲȠȞ ĲαȞυıĲȒ 

2

3

( , , )

z xy x

x y z xy z yx

x yx z


      

. ȈĲȠ ıȘȝİȓȠ ȝİ ıυȞĲİĲαȖȝȑȞİȢ (1,1,1) πȠȚα Ș ĲȐıȘ πȠυ 

αıțİȓĲαȚ ıİ ıĲȠȚȤİȚȫįȘ İπȚφȐȞİȚα παȡȐȜȜȘȜȘ ıĲȠ İπȓπİįȠ 2 2x yz  ;  

 

ΘΕȂΑ 3 (3 Ȃ) 

ǻȓȞİĲαȚ İțțȡİȝȑȢ ȝȒțȠυȢ   țαȚ ȝȐȗαȢ m ıĲȠ ȠπȠȓȠ αıțİȓĲαȚ įȪȞαȝȘ αȞĲȓıĲαıȘȢ απȩ 

ĲȠȞ αȑȡα 2
g d

T m
dt

 


. ΑȞ 0  Ș ȖȦȞȓα αȡȤȚțȒȢ απȩțȜȚıȘȢ απȩ ĲȘȞ șȑıȘ ȚıȠȡȡȠπȓαȢ 

Ȟα ȝİȜİĲȘșİȓ Ș țȓȞȘıȘ ĲȠυ ȖȚα ȝȚțȡȑȢ ȖȦȞȓİȢ  . ȃα αȞαπαȡαıĲαșİȓ ȖȡαφȚțȐ Ș ( )t . 

ȊπȩįİȚȟȘ: ΘİȦȡİȓıĲİ ȩĲȚ sin   

 

ΘΕȂΑ 4 (2 Ȃ) 

ΈıĲȦ ıȫȝα ȝȐȗαȢ m πȠυ ȕȡȓıțİĲαȚ ıĲȘȞ ȐțȡȘ İȜαĲȘȡȓȠυ ıĲαșİȡȐȢ k, πȠυ 
ȑȤİȚ ıĲİȡİȦȝȑȞȠ ĲȠ ȐȞȦ ȐțȡȠ ĲȠυ ȩπȦȢ φαȓȞİĲαȚ ıĲȠ ıȤȒȝα, țαȚ İțĲİȜİȓ 
țαĲαțȩȡυφȘ ĲαȜȐȞĲȦıȘ υπȩ ĲȘ įȪȞαȝȘ ĲȘȢ ȕαȡȪĲȘĲαȢ. ΧȡȘıȚȝȠπȠȚȫȞĲαȢ 
φȠȡȝαȜȚıȝȩ Hamilton ȕȡİȓĲİ ĲȘȞ ȤȡȠȞȚțȒ İȟȐȡĲȘıȘ ĲȘȢ ȝİĲαĲȩπȚıȘȢ ĲȠυ απȩ 
ĲȘȞ șȑıȘ ȚıȠȡȡȠπȓαȢ αȞ ȖȞȦȡȓȗİĲİ ȩĲȚ ĲȘȞ ȤȡȠȞȚțȒ ıĲȚȖȝȒ 0t   ȕȡȓıțİĲαȚ ıĲȘ 

șȑıȘ ȚıȠȡȡȠπȓαȢ țαȚ ȑȤİȚ αȡȤȚțȒ ĲαȤȪĲȘĲα 0 .  

ȊπȩįİȚȟȘ: ȃα ȖȡȐȥİĲİ ĲȚȢ țαȞȠȞȚțȑȢ İȟȚıȫıİȚȢ ĲȠυ Hamilton țαȚ Ȟα ĲȚȢ 
İπȚȜȪıİĲİ. 
 

 

 

Η įȚȐȡțİȚα ĲηȢ İȟȑĲαıηȢ İȓȞαȚ 3 ώȡİȢ. 
 

 
ȀαȜȒ ΕπȚĲυχȓα 

 



 

ȁΥΣΕǿΣ 
ΘΕȂΑ 1 

ȈĲȘ įȠțȩ șα αıțȠȪȞĲαȚ İțĲȩȢ ĲȦȞ įυȞȐȝİȦȞ 1F


 țαȚ 2F


 țαȚ įȪȠ įυȞȐȝİȚȢ ,N G


 ıĲα įȪȠ 

Ȑțȡα ĲȘȢ πȠυ İȓȞαȚ παțĲȦȝȑȞα ȩπȦȢ φαȓȞİĲαȚ ıĲȠ ıȤȒȝα. ȆȡȠφαȞȫȢ ĲȩıȠ Ș N


 ȩıȠ țαȚ 
Ș G


 șα ȑȤȠυȞ φȠȡȐ αȞĲȓșİĲȘ απȩ ĲȘȞ 1F


 țαȚ  ȠȝȩȡȡȠπȘ ıĲȘȞ 2F


. ΑυĲȩ șα ĲȠ 

İπαȜȘșİȪıȠυȝİ țαȚ ıĲȘȞ ıυȞȑȤİȚα. 

 
ȁȩȖȦ ıĲαĲȚțȒȢ ȚıȠȡȡȠπȓαȢ πȡȑπİȚ ĲȠ ȐșȡȠȚıȝα ĲȦȞ įυȞȐȝİȦȞ Ȟα ȚıȠȪĲαȚ ȝİ ȝȘįȑȞ țαȚ 
ıυȞİπȫȢ  

1 2 1 2 1 20 0 4 3F F N G F F N G G N F F F F F                 
. 

ǼπȓıȘȢ ĲȠ ȐșȡȠȚıȝα ĲȦȞ ȡȠπȫȞ ıİ țȐșİ ıȘȝİȓȠ πȡȑπİȚ Ȟα İȓȞαȚ ȓıȠ ȝİ ĲȠ ȝȘįȑȞ ȜȩȖȦ 

ıĲαĲȚțȒȢ ȚıȠȡȡȠπȓαȢ. ȈĲȠ αȡȚıĲİȡȩ παțĲȦȝȑȞȠ ȐțȡȠ  șα ȑȤȦ  

 1 2 1 2

3 1 3 1 3 1
0 0 4

4 4 4 4 4 4 4
N F F G G F F F F F           

 . 

ȈυȞİπȫȢ 1 11
3 3 3

4 4
G N F N F G F F F        . 

ΓȚα Ȟα ȕȡȠȪȝİ πȠυ ȑȤȠυȝİ ĲȘȞ ȝȑȖȚıĲȘ ĲȐıȘ πȡȑπİȚ Ȟα ȕȡȠȪȝİ ĲȘȞ țαĲαȞȠȝȒ țαĲαȡȤȐȢ 
ĲȦȞ ȡȠπȫȞ.  
 

ΑȞ πȐȡȦ ȝȓα țȐșİĲȘ ĲȠȝȒ πȡȚȞ ĲȠ ıȘȝİȓȠ πȠυ αıțİȓĲαȚ Ș įȪȞαȝȘ  1F


  (
4

x  
) ıĲȠ 

İȜİȪșİȡȠ αȡȚıĲİȡȩ țȠȝȝȐĲȚ șα αıțİȓĲαȚ ȝȩȞȠ Ș įȪȞαȝȘ N


 țαȚ ıυȞİπȫȢ Ș ȡȠπȒ πȠυ 

αıțİȓĲαȚ ıĲȘ įȚαĲȠȝȒ șα İȓȞαȚ  11

4
zM Nx Fx   țαȚ αυȟȐȞİĲαȚ ȝİ ĲȠ x (ȉȠ x İȓȞαȚ Ș 

απȩıĲαıȘ απȩ ĲȠ αȡȚıĲİȡȩ ȐțȡȠ ĲȘȢ įȠțȠȪ).  
 

ΑȞ Ĳȫȡα Ș įȚαĲȠȝȒ İȓȞαȚ αȞȐȝİıα ıĲα ıȘȝİȓα πȠυ αıțȠȪȞĲαȚ ȠȚ 1F


 țαȚ 2F


 

(
3

4 4
x  

) ıĲȠ İȜİȪșİȡȠ αȡȚıĲİȡȩ țȠȝȝȐĲȚ șα αıțİȓĲαȚ Ș įȪȞαȝȘ N


 țαȚ Ș įȪȞαȝȘ 

1F


, πȠυ İȟαıțȠȪȞ ȡȠπȑȢ αȞĲȓșİĲȘȢ țαĲİȪșυȞıȘȢ, țαȚ ıυȞİπȫȢ Ș ȡȠπȒ πȠυ αıțİȓĲαȚ ıĲȘ 

įȚαĲȠȝȒ șα İȓȞαȚ  1

11 5 5
( ) 4 ( ) ( )

4 4 4 4 4
zM Nx F x Fx F x Fx F F x           

   

țαȚ Ș ȡȠπȒ ȝİȚȫȞİĲαȚ ȝİ ĲȠ x. 

 



ΑȞ Ĳȫȡα Ș įȚαĲȠȝȒ İȓȞαȚ αȞȐȝİıα ȝİĲȐ ĲȠ ıȘȝİȓȠ πȠυ αıțİȓĲαȚ Ș 2F


 (
3

4
x  

) ıĲȠ 

İȜİȪșİȡȠ αȡȚıĲİȡȩ țȠȝȝȐĲȚ șα αıțİȓĲαȚ Ș įȪȞαȝȘ N


, Ș įȪȞαȝȘ 1F


 țαȚ Ș įȪȞαȝȘ 2F


 , 

țαȚ ıυȞİπȫȢ Ș ȡȠπȒ πȠυ αıțİȓĲαȚ ıĲȘ įȚαĲȠȝȒ șα İȓȞαȚ  

1 2

3 11 3 1 1 1
( ) ( ) 4 ( ) ( ) ( )

4 4 4 4 4 4 4 4
zM Nx F x F x Fx F x F x Fx F F x                 

 

 țαȚ Ș ȡȠπȒ ȝİȚȫȞİĲαȚ ȝİ ĲȠ x.  

 

Η İȟȐȡĲȘıȘ ĲȘȢ ȡȠπȒȢ απȩ ĲȘȞ απȠȝȐțȡυȞıȘ απȩ ĲȠ αȡȚıĲİȡȩ ȐțȡȠ ĲȘȢ įȠțȠȪ 
φαȓȞİĲαȚ ıĲȠ παȡαțȐĲȦ ıȤȒȝα: 

 

 
 

ȉȘȞ ȝȑȖȚıĲȘ ĲȚȝȒ ĲȘȢ ıυȞİπȫȢ Ș ȡȠπȒ ĲȘȞ παȓȡȞİȚ ȩĲαȞ Ș įȚαĲȠȝȒ ȕȡȓıțİĲαȚ αțȡȚȕȫȢ 

ıĲȠ ıȘȝİȓȠ 
4


 ȩπȠυ αıțİȓĲαȚ Ș įȪȞαȝȘ 1F


. ΌπȠȚȠȞ țαȚ απȩ ĲȠυȢ įȪȠ ĲȪπȠυȢ Ȟα 

ȤȡȘıȚȝȠπȠȚȒıȦ ȖȚα ĲȘ ȡȠπȒ (İȓĲİ ȖȚα  
4

x  
 İȓĲİ ȖȚα 

3

4 4
x  

)  ıĲȠ 
4


 șα ȑȤȦ  

max 11

16
z

F
M  

. 

 

 

ǼφȩıȠȞ ȑȤȦ ȠȡșȠȖȫȞȚα įȚαĲȠȝȒ Ș ȡȠπȒ αįȡȐȞİȚαȢ ȦȢ πȡȠȢ ĲȠȞ ȐȟȠȞα z (țȠȓĲα ıȤȒȝα 

ȖȚα ȠȡȚıȝȠȪȢ ıυȞĲİĲαȖȝȑȞȦȞ) șα İȓȞαȚ  
3 33 42 2 2

2 2

22 2

2
2

3 3 2 2 6

a a aya a

zz

aa aa a y

y a a a a
I y dydz dz y dy a



   

                                   . 

Η ȠȡșȒ ĲȐıȘ ȖȚα 
4

x  
 șα İȓȞαȚ ıυȞİπȫȢ 

max

4 4

11
6616

16
6

z
xx

zz

FM F
y y y

aI a
    

.  

Η ȝȑȖȚıĲȘ țαȚ İȜȐȤȚıĲȘ ȠȡșȒ ĲȐıȘ įȓȞİĲαȚ ıĲȠ țȐĲȦ țαȚ ĲȠ πȐȞȦ ȐțȡȠ, αȞĲȓıĲȠȚȤα,  

ȩπȠυ 
2

a
y    țαȚ Ș ĲȐıȘ ȖȓȞİĲαȚ 

max max

4 4 3

min min

4 4 3

66 66 66

16 2 16 32

66 66 66

16 2 16 32

xx

xx

F a F F
y

a a a

F a F F
y

a a a




  
    

  

  
 



 

 

ΘΕȂΑ 2 

Η ıυȞȐȡĲȘıȘ πȠυ πİȡȚȖȡȐφİȚ ĲȠ İπȓπİįȠ İȓȞαȚ Ș 2( , , ) 2 0f x y z x yz    . 

ȉȠ țȐșİĲȠ įȚȐȞυıȝα șα İȓȞαȚ ĲȠ  

ˆ ˆ ˆ ˆ ˆ ˆ( , , ) (2 ) ( ) ( )x y z x y z

f f f
f x y z u u u x u z u y u

x y z

          


 

ȩπȠυ ˆ ˆ ˆ, ,
x y z

u u u  Ĳα ȝȠȞαįȚαȓα įȚαȞȪıȝαĲα. 

ȈĲȠ ıȘȝİȓȠ (1,1,1) șα ȑȤȠυȝİ  
ˆ ˆ ˆ(1,1,1) 2

x y zzz
f u u u   

 

ȉȠ țȐșİĲȠ ȝȠȞαįȚαȓȠ ıĲȘȞ İπȚφȐȞİȚα șα İȓȞαȚ ĲȠ 

2 2 2

ˆ ˆ ˆ ˆ ˆ ˆ2 2(1,1,1) 2 1 1
ˆ ˆ ˆ ˆ

6 6 6 6(1,1,1) 2 ( 1) ( 1)

x yz zz x yy zz

x y z

u u u u u uf
n u u u

f

            


 . 

ȅ ĲαȞυıĲȒȢ ĲȐıİȦȞ ıĲȠ ıȘȝİȓȠ αυĲȩ șα İȓȞαȚ İπȓıȘȢ 
1 1 1

(1,1,1) 1 1 1

1 1 1


      

 țαȚ ıυȞİπȫȢ ȖȚα ĲȠ įȚȐȞυıȝα ĲȐıȘȢ șα ȑȤȦ 

 

1

2

3

2
61 1 1 0

11 1 1 0
6

1 1 1 0
1

6

s

s

s

                                  

 

ȈυȞİπȫȢ ıĲȠ ıȘȝİȓȠ αυĲȩ țαȚ παȡȐȜȜȘȜα ıĲȘȞ İπȚφȐȞİȚα 2 2x yz   įİȞ αıțİȓĲαȚ 
ĲȐıȘ țαȚ ˆ 0

n
S 

. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



ΘΕȂΑ 3 

Η İȟȓıȦıȘ țȓȞȘıȘȢ İȞȩȢ İțțȡİȝȠȪȢ (αυĲȩ απȠįİȚțȞȪİĲαȚ İȪțȠȜα İȓĲİ ȝİ ȜαȖțȡαȞȗȚαȞȩ 
φȠȡȝαȜȚıȝȩ İȓĲİ ȖȡȐφȠȞĲαȢ ĲȚȢ İȟȚıȫıİȚȢ Newton țαȚ πİȡȞȫȞĲαȢ ıİ πȠȜȚțȑȢ 
ıυȞĲİĲαȖȝȑȞİȢ) İȓȞαȚ  

2

2

d
m forces

dt

   

ȈĲȠ ıυȖțİțȡȚȝȑȞȠ παȡȐįİȚȖȝα αıțİȓĲαȚ Ș ıυȞȚıĲȫıα ĲȘȢ ȕαȡȪĲȘĲαȢ țαȚ Ș αȞĲȓıĲαıȘ 

ȜȩȖȦ ĲȡȚȕȒȢ. Η πȡȫĲȘ İȓȞαȚ πȐȞĲα įȪȞαȝȘ İπαȞαφȠȡȐȢ İȞȫ Ș įİȪĲİȡȘ İȓȞαȚ πȐȞĲα 

αȞĲȓșİĲȘ ıĲȘȞ φȠȡȐ țȓȞȘıȘȢ. ΈıĲȦ ȩĲȚ ȠȚ įυȠ įυȞȐȝİȚ İȓȞαȚ ȠȝȩȡȡȠπİȢ (αȞ İȓȞαȚ 
αȞĲȓȡȡȠπİȢ ȩĲαȞ ȟαȞαπİȡȐıİȚ απȩ ĲȠ ȓįȚȠ ıȘȝİȓȠ ĲȠ İțțȡİȝȑȢ șα ȖȓȞȠυȞ ȠȝȩȡȡȠπİȢ) 
 

ȈυȞİπȫȢ șα ȑȤȠυȝİ  
2 2

2 2
sin 2 2 sin 0

d g d d g d g
m mg m

dt dt dt dt

           
  

 

ǼφȩıȠȞ İȓȝαıĲİ ıĲȠ ȩȡȚȠ ĲȦȞ ȝȚțȡȫȞ ȖȦȞȚȫȞ απȩ ĲȘȞ υπȩįİȚȟȘ șα ȑȤȠυȝİ ĲİȜȚțȐ ȖȚα 

ĲȘȞ İȟȓıȦıȘ țȓȞȘıȘȢ 
2

2
2 0

d g d g

dt dt

    
 

 

Η İȟȓıȦıȘ αυĲȒ İȓȝαȚ ȠȝȠȖİȞȒȢ įİυĲİȡȠĲȐȟȚα įȚαφȠȡȚțȒ İȟȓıȦıȘ ȝİ ıĲαșİȡȠȪȢ 
ıυȞĲİȜİıĲȑȢ. Η ȜȪıȘ șα ȑȤİȚ ĲȘȞ ȝȠȡφȒ ( ) t

t e
   țαȚ ĲȠ ȤαȡαțĲȘȡȚıĲȚțȩ πȠȜυȫȞυȝȠ 

șα İȓȞαȚ 2( ) 2
g g

F     
 

. ȉȠ ȤαȡαțĲȘȡȚıĲȚțȩ πȠȜυȫȞυȝȠ șα ȑȤİȚ įȚαțȡȓȞȠυıα 

2

2 4 0
g g        

. ȈυȞİπȫȢ ȑȤȠυȝİ ȝȓα įȚπȜȒ ȡȓȗα 

2

2
o

g

g   


 

ȀαȚ Ș ȜȪıȘ șα İȓȞαȚ 1 2( ) ( )
g

t

t e c c t    Ș ȠπȠȓα İȓȞαȚ Ș țȡȓıȚȝα απȠıȕİȞȩȝİȞȘ 

țȓȞȘıȘ ıĲȘȞ πİȡȓπĲȦıȘ απȜȠȪ αȡȝȠȞȚțȠȪ ĲαȜαȞĲȦĲȒ ȝİ ĲȡȚȕȒ (ȕȜȑπİ ıİȜ. 7 ıĲȚȢ 
ıȘȝİȚȫıİȚȢ ĲȠυ ȝαșȒȝαĲȠȢ) 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



ΘΕȂΑ 4 

ȈĲȠ ıȫȝα αıțİȓĲαȚ Ș įȪȞαȝȘ İπαȞαφȠȡȐȢ απȩ ĲȠ İȜαĲȒȡȚȠ țαȚ Ș įȪȞαȝȘ 

ĲȘȢ ȕαȡȪĲȘĲαȢ F kx mg   . ȅȚ įȪȠ įυȞȐȝİȚȢ ȩπȦȢ φαȓȞİĲαȚ ıĲȠ ıȤȒȝα 

ȑȤȠυȞ αȞĲȓșİĲȘ φȠȡȐ. ȉȠ x  İȓȞαȚ Ș απȩıĲαıȘ απȩ ĲȠ ıȘȝİȓȠ ȚıȠȡȡȠπȓαȢ 
ĲȘȢ ȝȐȗαȢ țαȚ ȠȡȓȗİĲαȚ ȑĲıȚ ȫıĲİ Ȟα İȓȞαȚ șİĲȚțȒ ıĲȘȞ φȠȡȐ ĲȘȢ 
ȕαȡȪĲȘĲαȢ (Ș ȝȐȗα ȩπȦȢ ȜȑİȚ Ș İțφȫȞȘıȘ țȐȞİȚ țαĲαțȩȡυφȘ țȓȞȘıȘ). Η 

įυȞαȝȚțȒ İȞȑȡȖİȚα ( )V x  ȕȡȓıțİĲαȚ İȪțȠȜα įİįȠȝȑȞȠυ ȩĲȚ 
21

( )
2

dV
F kx mg V x kx mgx

dx
        . 

Η țȚȞȘĲȚțȒ İȞȑȡȖİȚα İȓȞαȚ αȞȐȜȠȖȘ ĲȠυ ĲİĲȡαȖȫȞȠυ ĲȘȢ ĲαȤȪĲȘĲαȢ ĲȘȢ 
ȝȐȗαȢ 

21
( )

2
T x mx   

Η ΧαȝȚȜĲȠȞȚαȞȒ İȓȞαȚ 2 2 2 21 1 1 1

2 2 2 2
H T V mx kx mgx mx kx mgx

             

ǼπİȚįȒ Ș ΧαȝȚȜĲȠȞȚαȞȒ İȓȞαȚ ıυȞαȡĲȒıİȚ ĲȦȞ ȖİȞȚțİυȝȑȞȦȞ ıυȞĲİĲαȖȝȑȞȦȞ țαȚ ȠȡȝȫȞ 
țαȚ ȩȤȚ ĲȦȞ ȖİȞȚțİυȝȑȞȦȞ ĲαȤυĲȒĲȦȞ ȩπȦȢ Ș ȁαȖțαȞȗȚαȞȒ șα ȤȡȘıȚȝȠπȠȚȒıȦ ĲȘȞ 
ĲİȜİυĲαȓα ȖȚα Ȟα ȝİĲαıȤȘȝαĲȓıȦ ĲȘ ΧαȝȚȜĲȠȞαȚȞȒ ıυȞαȡĲȒıİȚ ĲȦȞ ıȦıĲȫȞ ȠȡȚıȝȐĲȦȞ 

2 2 2 21 1 1 1

2 2 2 2

x

L T V mx kx mgx mx kx mgx

L
p mx

x

          
 

 




 

ȈυȞİπȫȢ 
2

21
( , )

2 2

x
x

p
H x p kx mgx

m
    ȅȚ țαȞȠȞȚțȑȢ İȟȚıȫıİȚȢ ĲȠυ Hamilton șα İȓȞαȚ 

2
x

x
x

x

H
p kx mg x x g

x
mx kx mg

kpH
q x m

p m




                    




 

 

Η İȟȓıȦıȘ αυĲȒ İȓȞαȚ ȝȘ-ȠȝȠȖİȞȒȢ įȚαφȠȡȚțȒ İȟȓıȦıȘ 2ȘȢ ĲȐȟȘȢ ȝİ ıĲαșİȡȠȪȢ 
ıυȞĲİȜİıĲȑȢ. ΓȚα ĲȠ ȠȝȠȖİȞȑȢ țȠȝȝȐĲȚ șα ȑȤȦ 2 0

o o
x x   πȠυ İȓȞαȚ Ƞ απȜȩȢ 

ȖȡαȝȝȚțȩȢ ĲαȜαȞĲȦĲȒȢ ıυȤȞȩĲȘĲαȢ Ȧ țαȚ Ș ȜȪıȘ İȓȞαȚ ( ) cos( ) sin( )ox t A t B t    Ȓ 

ȚıȠįȪȞαȝα ( ) cos( )ox t t    . 

ΓȚα ĲȠ ȝȘ-ȠȝȠȖİȞȑȢ țȠȝȝȐĲȚ įİįȠȝȑȞȠυ ȩĲȚ ȚıȠȪĲαȚ ȝİ g  πȠυ İȓȞαȚ ıĲαșİȡȐ 

(πȠȜυȫȞυȝȠ ȝȘįİȞȚțȠȪ ȕαșȝȠȪ) Ș ȝİȡȚțȒ ȜȪıȘ șα İȓȞαȚ İπȓıȘȢ ȝȓα ıĲαșİȡȐ : 

( ) 0 0p p px t D x x      . Απȩ ĲȘȞ įȚαφȠȡȚțȒ İȟȓıȦıȘ șα ȑȤȦ 

2 2

2
0p p

g
x x g D g D          

țαȚ Ș ĲİȜȚțȒ ȜȪıȘ șα İȓȞαȚ 
2

( ) ( ) ( ) cos( ) sin( )o p

g
x t x t x t A t B t        

ΑȞ πȐȡȦ ĲȘȞ πȡȫĲȘ ıȤȑıȘ șα ȑȤȦ sin( ) cos( )
dx

A t B t
dt

        

Απȩ ĲȚȢ αȡȤȚțȑȢ ıυȞșȒțİȢ 

 
2

2 0

2 2

00
0

( 0) 0
0

( ) cos( ) sin( )
( 0)

g
gx t A

A g g
x t t tdx

t
dt

         

                       
 







Ν
Ν
ȉȝȒȝαΝǼπȚıĲȒȝȘȢΝĲωȞΝȊȜȚțȫȞΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝǼȚįȚțȐΝΘȑȝαĲαΝȂȘχαȞȚțȒȢΝ
Ν
ǼȟİĲαıĲȚțȒΝǼαȡȚȞȠȪΝǼȟαȝȒȞȠυΝβί1γΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΝΗȝİȡȠȝȘȞȓαΝμΝί1άίιάβί1γΝΝ
Ν 
ΘΕȂΑ 1 (2έ5 Ȃ) 
ΈıĲωΝıĲİȡİȩΝıȫȝαΝıĲȠΝȠπȠȓȠΝαıțȠȪȞĲαȚΝĲȐıİȚȢΝπȠυΝπİȡȚȖȡȐφȠȞĲαȚΝαπȩΝĲȠȞΝĲαȞυıĲȒΝ

1
( , , ) 1

z

z

z z z

xy ye
x y z y xe

ye xe e
 



      
Ν

ȈĲȠΝ ıȘȝİȓȠΝ ȝİΝ ıυȞĲİĲαȖȝȑȞİȢΝ (1,1,ί)Ν πȠȚαΝ ȘΝ ĲȐıȘΝ πȠυΝ αıțİȓĲαȚΝ ıİΝ ıĲȠȚχİȚȫįȘΝ
İπȚφȐȞİȚαΝπαȡȐȜȜȘȜȘΝıĲȠΝİπȓπİįȠΝsin( ) 1zx ye   νΝȆȠȚȠΝĲȠΝȝȑĲȡȠΝĲȘȢΝȠȡșȒȢΝțαȚΝĲȘȢΝ
įȚαĲȝȘĲȚțȒȢΝĲȐıȘȢΝıĲȠΝıȘȝİȓȠΝαυĲȩνΝ
 
ΘΕȂΑ 2 (2έ5 Ȃ) 
ǻȓȞİĲαȚΝİțțȡİȝȑȢΝȝȒțȠυȢΝ ΝțαȚΝȝȐȗαȢΝ m ıĲȠΝȠπȠȓȠΝαıțİȓĲαȚΝįȪȞαȝȘΝαȞĲȓıĲαıȘȢΝαπȩΝ

ĲȠȞΝαȑȡαΝ β g dT m
dt
 


ΝȩπȠυΝ ȘΝȖωȞȓαΝπȠυΝıχȘȝαĲȓȗİȚΝĲȠΝȞȒȝαΝĲȠυΝİțțȡİȝȠȪȢΝȝİΝ

ĲȘȞΝțαĲαțȩȡυφȠέΝΝΑȞΝ ί ΝȘΝȖωȞȓαΝαȡχȚțȒȢΝαπȩțȜȚıȘȢΝαπȩΝĲȘȞΝșȑıȘΝȚıȠȡȡȠπȓαȢΝȞαΝ
ȝİȜİĲȘșİȓΝȘΝțȓȞȘıȘΝĲȠυΝȖȚαΝȝȚțȡȑȢΝȖωȞȓİȢΝ έΝȃαΝαȞαπαȡαıĲαșİȓΝȖȡαφȚțȐΝȘΝ ( )t έΝ
ȊπȩįİȚȟȘμΝΘİωȡİȓıĲİΝȩĲȚΝsin  Ν
Ν
ΘΕȂΑ 3 (2έ5 Ȃ) 
ΈıĲωΝπαȡαȝȩȡφωıȘΝıĲİȡİȠȪΝıȫȝαĲȠȢΝĲȑĲȠȚαΝȫıĲİΝțȐșİΝıȘȝİȓȠΝ ( , , )x y z ΝȞαΝ
ȝİĲαıχȘȝαĲȓȗİĲαȚΝıĲȠΝ ( , , )u v w ,ΝȩπȠυΝ , cos( ) , β zu yx v z x y w xye    έΝΝ
(i)ΝȆȠȚȠȢΝȠΝĲαȞυıĲȒȢΝπαȡαȝȩȡφωıȘȢνΝ
Ν(ii)ΝȆȠȚαΝȘΝȠȡșȒΝπαȡαȝȩȡφωıȘΝıĲȠΝıȘȝİȓȠΝ(1,1,ί)ΝțαĲȐΝȝȒțȠȢΝĲȠυΝįȚαȞȪıȝαĲȠȢΝ

ˆ ˆ ˆx y zd u u u  
νΝΝ

(iii)ΝȆȠȚαΝȘΝȝİĲαȕȠȜȒΝĲȠυΝȝȒțȠυȢΝıĲȠȚχİȚȫįȠυȢΝĲȩȟȠυΝțαȚΝĲȠυΝıĲȠȚχİȚȫįȠυȢΝȩȖțȠυΝıĲȠΝ
ıȘȝİȓȠΝαυĲȩνΝΚαĲȐΝĲȘȞΝțȡȓıȘΝıαȢ,ΝπȩıȠΝπȚșαȞȒΝșİωȡİȓĲαȚΝȝȓαΝαıĲȠχȓαΝĲȠυΝυȜȚțȠȪνΝ
Ν
ΘΕȂΑ 4 (2έ5 Ȃ) 

ǻȪȠΝ ıȫȝαĲαΝ ȝİΝ ȝȐȗİȢΝ 1m țαȚΝ βm Ν İȓȞαȚΝ
ıυȞįİįİȝȑȞαΝȝİΝįȪȠΝİȜαĲȒȡȚαΝıĲαșİȡȫȞΝ 1k Ν
țαȚΝ Ν βk έΝ ȂπȠȡȠȪȞΝ įİΝ ȞαΝ țȚȞȘșȠȪȞΝ ȝȩȞȠΝ
țαĲȐΝ ĲȘȞΝ İυșİȓαΝ πȠυΝ ĲαΝ İȞȫȞİȚΝ ȝİΝ ĲȠΝ

ıĲαșİȡȩΝ ıȘȝİȓȠΝ ȅέΝ ȃαΝ ȖȡαφĲİȓΝ ȘΝ ıυȞȐȡĲȘıȘΝ δagrangeΝ țαșȫȢΝ țαȚΝ ȠȚΝ İȟȚıȫıİȚȢΝ
δagrangeΝπȠυΝπİȡȚȖȡȐφȠυȞΝĲȘȞΝțȓȞȘıȘέΝȆȠȚȠȚΝȠȚΝțαȞȠȞȚțȠȓΝĲȡȩπȠȚΝĲαȜȐȞĲωıȘȢΝ(ȕȡİȓĲİΝ
ĲȚȢΝȚįȚȠıυχȞȩĲȘĲİȢ)νΝ
Ν

Η įȚȐȡțİȚα ĲηȢ İȟȑĲαıηȢ İȓȞαȚ 3 ώȡİȢέ 
Ν
Ν

ȀαȜȒ ΕπȚĲυχȓα 
 



 
 
 

ȁΥΣΕǿΣ 
 
ΘΕȂΑ 1 
ΗΝıυȞȐȡĲȘıȘΝπȠυΝπİȡȚȖȡȐφİȚΝĲȠΝİπȓπİįȠΝİȓȞαȚΝȘΝ ( , , ) sin( ) 1 ίzf x y z x ye     έΝ
ȉȠΝțȐșİĲȠΝįȚȐȞυıȝαΝșαΝİȓȞαȚΝĲȠΝΝ

ˆ ˆ ˆ ˆ ˆ ˆ( , , ) cos( ) z z
x y z x y z

f f ff x y z u u u x u e u ye u
x y z

             


Ν

ȩπȠυΝ ˆ ˆ ˆ, ,x y zu u u ΝĲαΝȝȠȞαįȚαȓαΝįȚαȞȪıȝαĲαέΝ
ȈĲȠΝıȘȝİȓȠΝ(1,1,ί)ΝșαΝȑχȠυȝİΝΝ

ˆ ˆ ˆ ˆ ˆ ˆ(1,1,ί) ( )x y z x y zf u u u u u u           
Ν

ȉȠΝțȐșİĲȠΝȝȠȞαįȚαȓȠΝıĲȘȞΝİπȚφȐȞİȚαΝșαΝİȓȞαȚΝĲȠΝ

β β β

ˆ ˆ ˆ ˆ ˆ ˆ(1,1,ί)ˆ
γ(1,1,ί) ( 1) ( 1) ( 1)

x yz zz x yy zzu u u u u ufn
f

            

 έΝ

ȅΝĲαȞυıĲȒȢΝĲȐıİωȞΝıĲȠΝıȘȝİȓȠΝαυĲȩΝșαΝİȓȞαȚΝİπȓıȘȢΝ
1 1 1

(1,1,ί) 1 1 1
1 1 1


      

ΝțαȚΝıυȞİπȫȢΝȖȚαΝĲȠΝįȚȐȞυıȝαΝĲȐıȘȢΝșαΝȑχωΝ

Ν

1

β

γ

1 1
γ γ1 1 1

1 11 1 1
γ γ

1 1 1 1 1
γ γ

s
s
s

                                             

Ν

țαȚΝșαΝİȓȞαȚΝĲȠΝΝ

ˆ
1 1 1ˆ ˆ ˆ
γ γ γn x y zS u u u   

έΝ

ΓȚαΝĲȠΝȝȑĲȡȠΝĲȘȢΝȠȡșȒȢΝțαȚΝĲȘȢΝįȚαĲȝȘĲȚțȒȢΝĲȐıȘȢΝșαΝȑχωΝ

ˆ ˆ

β β β

ˆ

β β
ˆ ˆ ˆ

1 1 1 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ 1
γ γ γ γ γ γ

1 1 1 1
γ γ γ

ί

n n x y z x y z

n

n n n

S n u u u u u u

S

S



 

               
                     

  





 

Ν

Ν
Ν
Ν
Ν
Ν
Ν
Ν



Ν
ΘΕȂΑ 2Ν
ΗΝİȟȓıωıȘΝțȓȞȘıȘȢΝİȞȩȢΝİțțȡİȝȠȪȢΝ(αυĲȩΝαπȠįİȚțȞȪİĲαȚΝİȪțȠȜαΝİȓĲİΝȝİΝȜαȖțȡαȞȗȚαȞȩΝ
φȠȡȝαȜȚıȝȩΝİȓĲİΝȖȡȐφȠȞĲαȢΝĲȚȢΝİȟȚıȫıİȚȢΝσewtonΝțαȚΝπİȡȞȫȞĲαȢΝıİΝπȠȜȚțȑȢΝ
ıυȞĲİĲαȖȝȑȞİȢ)ΝİȓȞαȚΝΝ

β

β

dm forces
dt
  Ν

ȈĲȠΝıυȖțİțȡȚȝȑȞȠΝπαȡȐįİȚȖȝαΝαıțİȓĲαȚΝȘΝıυȞȚıĲȫıαΝĲȘȢΝȕαȡȪĲȘĲαȢΝțαȚΝȘΝαȞĲȓıĲαıȘΝ
ȜȩȖωΝ ĲȡȚȕȒȢέΝ ΗΝ πȡȫĲȘΝ İȓȞαȚΝ πȐȞĲαΝ įȪȞαȝȘΝ İπαȞαφȠȡȐȢΝ İȞȫΝ ȘΝ įİȪĲİȡȘΝ İȓȞαȚΝ πȐȞĲαΝ
αȞĲȓșİĲȘΝ ıĲȘȞΝ φȠȡȐΝ țȓȞȘıȘȢέΝ ΈıĲωΝ ȩĲȚΝ ȠȚΝ įυȠΝ įυȞȐȝİȚΝ İȓȞαȚΝ ȠȝȩȡȡȠπİȢΝ (αȞΝ İȓȞαȚΝ
αȞĲȓȡȡȠπİȢΝȩĲαȞΝȟαȞαπİȡȐıİȚΝαπȩΝĲȠΝȓįȚȠΝıȘȝİȓȠΝĲȠΝİțțȡİȝȑȢΝșαΝȖȓȞȠυȞΝȠȝȩȡȡȠπİȢ)Ν
Ν
ȈυȞİπȫȢΝșαΝȑχȠυȝİΝΝ

β β

β βsin β β sin ίd g d d g d gm mg m
dt dt dt dt
           

  
Ν

ǼφȩıȠȞΝİȓȝαıĲİΝıĲȠΝȩȡȚȠΝĲωȞΝȝȚțȡȫȞΝȖωȞȚȫȞΝαπȩΝĲȘȞΝυπȩįİȚȟȘΝșαΝȑχȠυȝİΝĲİȜȚțȐΝȖȚαΝ
ĲȘȞΝİȟȓıωıȘΝțȓȞȘıȘȢΝ

β

β β ίd g d g
dt dt
    

 
Ν

ΗΝİȟȓıωıȘΝαυĲȒΝİȓȝαȚΝȠȝȠȖİȞȒȢΝįİυĲİȡȠĲȐȟȚαΝįȚαφȠȡȚțȒΝİȟȓıωıȘΝȝİΝıĲαșİȡȠȪȢΝ
ıυȞĲİȜİıĲȑȢέΝΗΝȜȪıȘΝșαΝȑχİȚΝĲȘȞΝȝȠȡφȒΝ ( ) tt e  ΝțαȚΝĲȠΝχαȡαțĲȘȡȚıĲȚțȩΝπȠȜυȫȞυȝȠΝ

șαΝİȓȞαȚΝ β( ) β g gF     
 

έΝȉȠΝχαȡαțĲȘȡȚıĲȚțȩΝπȠȜυȫȞυȝȠΝșαΝȑχİȚΝįȚαțȡȓȞȠυıαΝ

β

β ζ ίg g        
έΝȈυȞİπȫȢΝȑχȠυȝİΝȝȓαΝįȚπȜȒΝȡȓȗαΝ

β

βo

g
g   


Ν

ΚαȚΝȘΝȜȪıȘΝșαΝİȓȞαȚΝ 1 β( ) ( )
g tt e c c t   ΝȘΝȠπȠȓαΝİȓȞαȚΝȘΝțȡȓıȚȝαΝαπȠıȕİȞȩȝİȞȘΝ

țȓȞȘıȘΝıĲȘȞΝπİȡȓπĲωıȘΝαπȜȠȪΝαȡȝȠȞȚțȠȪΝĲαȜαȞĲωĲȒΝȝİΝĲȡȚȕȒΝ(ȕȜȑπİΝıİȜέΝιΝıĲȚȢΝ
ıȘȝİȚȫıİȚȢΝĲȠυΝȝαșȒȝαĲȠȢ)Ν
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i)ΝΝȅȚΝȝİȡȚțȑȢΝπαȡȐȖωȖȠȚΝİȓȞαȚΝ

ί

sin( ) 1 cos( )

β β βz z z

u u uy x
x y z

v v vz x x
x y z

w w wye xe xye
x y z

  

      
        

      

Ν

ȅΝĲαȞυıĲȒȢΝπαȡαȝȩȡφωıȘȢΝİȓȞαȚΝ

xx xy xz xx xy xz

xy yy yz xy yy yz

xz yz zz xz yz zz

     
      

     
                

Ν ȩπȠυΝ Ν

xx

yy

zz

u
x
v
y
w
z





 
 
 

Ν Ν Ν Ν Ν Ν Ν Ν Ν Ν Ν Ν Ν Ν Ν țαȚΝΝΝΝΝΝΝΝΝΝΝ

xy

xz

yz

v u
x y
u w
z x
v w
z y





   
   
   

Ν

ii)ΝȈĲȠΝıȘȝİȓȠΝ(1,1,ί)ΝΝșαΝȑχȠυȝİΝΝ

ί ί ί

1 1 ί

ί 1 cos( ) 1

β*1* β β*1* β β*1*1* β

u u u
x y z
v v v
x y z

w w we e e
x y z



      
         

         

Ν

Ν

țαȚΝıυȞİπȫȢΝ
1 1 β

(1,1,ί) 1 1 1
β 1 β


      

ΝΝ

ȉȠΝȝȠȞαįȚαȓȠΝıĲȘȞΝįȚİȪșυȞıȘΝd


ΝİȓȞαȚΝ  
β β β

ˆ ˆ ˆ 1 ˆ ˆ ˆ
γ1 ( 1) 1

x y z
x y z

u u udn u u u
d

       


  Ν

ΗΝȠȡșȒΝπαȡαȝȩȡφωıȘΝİȓȞαȚΝΝ



ˆ
, , , ,

1 1 1 1 1 1 1 1 1 1 1 11 1 β 1 ( 1) 1
γ γ γ γ γ γ γ γ γ γ γ γ

1 1 1 1 1 1 ββ 1 β
γ γ γ γ γ γ

n ij i j xx x x xy x y xz x z yx y x yy y y yz y z zx z x zy z y zz z z
i x y z j x y z

n n n n n n n n n n n n n n n n n n n n          
 

         
                                   
       

 

γ
Ν
Ν
iii)ΝΝΓȚαΝĲȠΝșİȝİȜȚȫįİȢΝĲȩȟȠΝșαΝȑχȠυȝİΝ

ί
ˆ

ί ί ί

β β β η1 1
γ γ γ γn

s s s s
s s s

      
         Ν

ΓȚαΝĲȘȞΝȝİĲαȕȠȜȒΝĲȠυΝșİȝİȜȚȫįȘΝȩȖțȠυΝșαΝȑχȠυȝİΝ
ί ί ί

ί ί ί

ί

( ) 1 1 β

γ

xx yy zz
V V V V V VTr

V V V
V
V

          



          
 

Ν

ΗΝȝİĲαȕȠȜȒΝĲȠυΝȩȖțȠυΝİȓȞαȚΝĲİȡȐıĲȚαΝțαȚΝπȡȠφαȞȫȢΝĲȠΝυȜȚțȩΝįİȞΝȝπȠȡİȓΝȞαΝ
παȡαȝȠȡφωșİȓΝĲȩıȠΝπȠȜȪΝıİΝİțİȓȞȠΝĲȠΝıȘȝİȓȠΝțαȚΝșαΝυπȠıĲİȓΝαıĲȠχȓαέΝ
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
Ν
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ΈıĲωΝȩĲȚΝȘΝαπȠȝȐțȡυȞıȘΝĲȘȢΝπȡȫĲȘȢΝȝȐȗαȢΝαπȩΝĲȘΝșȑıȘΝȚıȠȡȡȠπȓαȢΝİȓȞαȚΝ 1x ΝΝ
țαȚΝĲȘȢΝįİȪĲİȡȘȢΝαπȩΝĲȘȞΝįȚțȚȐΝĲȘȢΝșȑıȘȢΝȚıȠȡȡȠπȓαȢ βx έΝΝΝ
Ν
ΗΝțȚȞȘĲȚțȒΝİȞȑȡȖİȚαΝİȓȞαȚΝĲȠΝȐșȡȠȚıȝαΝĲωȞΝĲαχυĲȒĲωȞΝĲωȞΝįȪȠΝȝαȗȫȞΝ

   β β
1 1 β β

1 1
β β

T m x m x  
Ν

Ν
ΓȚαΝĲȘȞΝįυȞαȝȚțȒΝİȞȑȡȖİȚαΝαȡțİȓΝȞαΝπȐȡȠυȝİΝĲȘȞΝįυȞαȝȚțȒΝİȞȑȡȖİȚαΝȜȩȖωΝĲȘȢΝ
παȡαȝȩȡφωıȘȢΝĲωȞΝİȜαĲȘȡȓωȞέΝ(ΗΝȕαȡȪĲȘĲαΝįİȞΝπαȓȗİȚΝțαȞȑȞαΝȡȩȜȠΝİφȩıȠȞΝĲαΝ
ıȫȝαĲαΝțȚȞȠȪȞĲαȚΝțαĲȐΝȝȘțȠȢΝĲȘȢΝȠȡȚȗȩȞĲαȚΝİυșİȓαȢ)έΝȉȠΝπȡȫĲȠΝİȜαĲȒȡȚȠΝ
παȡαȝȠȡφȫȞİĲαȚΝțαĲȐΝ 1x ΝİȞȫΝĲȠΝįİȪĲİȡȠΝțαĲȐ 1 βx x Ν,ΝșİωȡȫȞĲαȢΝȩĲȚΝȠȚΝįȪȠΝȝȐȗİȢΝ
țȚȞȠȪȞĲαȚΝπȡȠȢΝĲȘȞΝȓįȚαΝțαĲİȪșυȞıȘέΝΝ
Ν
ȈυȞİπȫȢΝȘΝįυȞαȝȚțȒΝİȞȑȡȖİȚαΝțαȚΝȘΝıυȞȐȡĲȘıȘΝδagrangeΝĲȠυΝıυıĲȒȝαĲȠȢΝİȓȞαȚΝΝ

   
       

β β
1 1 β 1 β

β β β β
1 1 β β 1 1 β 1 β

1 1
β β

1 1 1 1
β β β β

V k x k x x

L T V m x m x k x k x x

  
       

Ν
Ν
ȅȚΝİȟȚıȫıİȚȢΝδagrangeΝπȠυΝπİȡȚȖȡȐφȠυȞΝĲȘȞΝțȓȞȘıȘΝĲωȞΝįȪȠΝȝαȗȫȞΝİȓȞαȚΝ

 
 

1 1 1 1 β 1 β
1 1

β β β 1 β

β β

1 β β
1 1 β

1 1 1 1 β 1 β 1 1

β β β 1 β β β
β 1 β

β β

( )

( )

( )
( )

d L L d m x k x k x xdt x x dt
dd L L m x k x x
dtdt x x

k k kx x x
m x k x k x x m m

X KX
m x k x x k kx x x

m m

                           
                 







 
 

Ν

Ν
ȩπȠυΝΝ

1 β β

1 1 1

β β β

β β

,

k k k
x m m

X K
x k k

m m

              Ν
ΓȚαΝȞαΝȕȡωΝĲȚȢΝįȪȠΝȚįȚȠıυχȞȩĲȘĲİȢΝĲωȞΝțαȞȠȞȚțȫȞΝĲȡȩπωȞΝĲαȜȐȞĲωıȘȢΝπȡȑπİȚΝȞαΝȕȡωΝ
πȠυΝȝȘįİȞȓȗİĲαȚΝȘΝȠȡȓȗȠυıαΝ
Ν

β1 β β

1 1β

ββ β

β β

ί ί

k k k
m m

K I
k k
m m






 
   

 
 


